HHO/2T] Mascuell Equationd
Classical e@zofmmgnehc phepomena are dexcribe-]
by the »et of FOUR Maxweﬁﬂ equations ¢

VE=F/e, VB=0

6770 SO #a:r e geomefric 7%:1/&/\% Of the ﬁa(?o/@ne_e are
Infuutive. and manitest

D Gausy' theorem andl  Stokes’ theorem.  In previces rofea, we
wre " TNy Cube " ard " tiny square Cecp” To derive the infegra®
form of Moxwell equations . The ”ﬁ\/\y cube method s the

Simpliffed version of Ghuny’ #\eo/e/n
%X da = /VX o(V

It on quite /@rméqb/e #at the volume. X dv
/“n/egm,Q of V-x ( saabar fefl) equals The S inkged
of X (vectorfeld ). et ws denve the integraQ (Evm (e

%g_ g = f—v*g el = % 1he denvations become

~  Simplk ard cleas. The
Gy’ thecrem may ook S@yw‘l‘ﬁrefg@mcg Bk, ct .\
> quite Simi&as To the fardlamenta® theorem of calbulus. '\
Let us #ry Yo Compare them fo spof the Sinierity.
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par 2
The. fancbmental theorem of calleules states

6
- bud
Fb)=Fe) = [ g
botercdary bwlR bourdiary
FRER Loosely Speaking, we can inferpret the theorem @z
bowrdary sun of = butk sm of X de/?‘u@f?bejig

Cre can wxe the Same Spinit fo interpret the Gowy! theerem

What about the " tiny square ocp” method ? I there a
ngoroun theorem behindl the Curtain ? YES @ §(Vx)<

R = [(PxX ) c/q C%W

T8 e 7‘7‘7@ famoun Stoken' theorem . Note that X G”“

the tHhecrem beard the Same Szgmfw*e ans the fardamentz8.

theorem of caleulus.  Let ws denve the integral &om (or
he Ceerd  equahiond.

FEoF = f(ws) = —fg%.d5= _ d%

dt .

$5-dF= [(xB)oT = [(uT+LE ). @
> b Bdr =T+ I8 A expected, the Shotes
€ Ac theorem bricdges the fuwo

forma of Moxwelf couations e@ega/\ny 1§

D MaxwelQ€ correction to Anperch G- Maxwel feeend

Q simple example viokding Anpered G = Some ome-dm
& needed
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Conider an open circwd” with a_capocitor a»
Shown on the fF. The
charge @= Q) on the
CapaCifoy Safrsfien

da - 7| R w
dt Con&erveation
S and Si . The Amperch Cau>
runs info BIG freubbe ...
.. “— AR ent answerd? G
Ocr intustion te®s ws that B=MoT/2mT away fivm the Gpacitr:
Thies, Something e mixding when the Sutace S i dhosen,

\55 g g = /'MOI 0 (80”’167%/‘/)8 ) We woulld Cika to fr;ga,(e

The eQQofT?c Ge! insce 7%6 cn%rf* s E= Te. and the

Qmﬂ%pwww%3ﬂ20sco Pe=J Eda = fZé'A - QKQ
Az _ | d@ _ ot dR - & S _ L o

Because we expect that m%{\f\g =0 oulside. the capacitor
am+me@a%rmwk,QMM&&wﬂ%bgmmmﬁ
Something” i (23) e/t Thus, the. Ampere-Moxuwel) Gacor-is

= _La’iss _LaE
[gfsom o, T+ 2 2

T otar .
Somehowr, Gharge conservation must be embealalegl i Moxwell)

—> VBT

D Charge Corvervation. We Start with the (dentity \
TP~ >—<-=> —0  [he (denhty zn be Workee] ced '\
S8y in Carterian coordinates o
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page 4-
/atp]oé%/ the (dentty To Ampere-Moxwell Cow,

G (FxB )= M, FTF+ L2 (FE)

- -

Make cere of 7 E - Ple, = mCP,
T+ Ul R =0 —» BT o

The ditferentil equation denved i above implies charge
Conservehon o To See this, (b > helpz L 1o wiriteclown cbs

Infegre fBrm. J

§-f+a§§ =0 —> fv‘z“--da* + -‘;ifuh=o

The Serface f‘nfe@mD S Tida® represents ==
the chc Aéwing cut the Surfacse. s
charges ng %

per anit fime , c.e.
= s dGuy dRut . dGn _ -

The fotal cherge Qiotg = Qoua ™ Qin 05 Constent * We gt
Comservation @aco om Maxuwell eauations.

derive the

D 8»@37 conservation . What abouwt chersy Conservation ?
From previoud rotes HHol2 + HHolzé , The energy percenit

volumne (Crergy density ) of t#he elhetromagnehi felel O
- al We are curmous abocd

U=ttt t—="ec %+
= B e ita fime deperclence,

c N - p— i 3E
Mz_QQ_(E )+2-/—(_,(-5E(86) 8@\%\,-:1:2 g%)%%

ot 2 ot o
o 3 by MoxuelQ €93 \ ,
B 7 3

V- EETEES
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The c/‘wafg«rg rote of the energry denaity &
L= e (—u,T+ TxB ) E+/—u/—(-17,<,_: B

The Ccmm‘anfSG:mée Simpkifed by %“oc E
U+ B o & [ (#xE)-B- E-(7xB)[~0
Infroduce the Pg/m‘mg vector S Br the eQeo/?an;@feﬁc o]

vectors  — SN i ek e i

5= BB oy LENSOR)TEET)
Make ane of the above Veclox t(lentrty

U 4 VS - _E_}'-J_):O {Q)/ Smu@ax\-/o#\e@nhmu@/eq.

St N 13 Chrrge Condervation H
__ 7\6 obove cguation O refered ar the Rynting theorem . To
reveal cbs meaning , Lt 0> helpfel fo wuse the infegrad Gon.

— 8-
@ Censider o regipe whees T=0-.
O -
U ol e Juet~
S+ VEEF =0 20,
Convert the volume infegra® by Gowss' theem
5% fdva) 25 /q’a“‘-§ =1y = dU"‘+f8 da =0
I he chosen regime Withoud J_"A, f/\ce/\S@yoﬁ%e Felds
Should_be cngerved,
[f8~da = energy trowing cutweid percmffﬁmej
Thas, the Boynting vecior S, b the energy cument

denoity of the elochomagnethe field & I mlﬁo
how EM erergy Feows from one point To the other T
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The energy Rowing cutwarcl Causes the energy

Change cudside [__, S e o/an;r
_ Thud, the /nf%r?:& |

S of the Foyniing theorem usithad T

AU du

M T
The Tolal EM energy O Conserved. Now we need fo include
the cffect of ron-zeo (Of\a@@ curent density J

@ The geperd e wath T+O,.

Now epergy of the ffeldls aenbe

eansferred 1o the charged materials .

Fo@?owirg smilar derfvation, the 7
[5rm of the FRoynting theorem & fields + maten=0s.

-y
L%—%—ﬂ“fscfa + (BT dV = olw‘e g:’:

inferachon betweon the fFelds and the moterials. Qunpute
The power provided by the fielel  per-anit wlume,
pou= P (EvDXB) T =pE =BT T
- P W
The. power or the whote velume (S Obfauned by infegration,

p =/P dv-=fB Fd ) powes fiom the fefds
{ = M / T b heeins

The integral) {Grm of the Royniting theorem Fas the Chaming
inferprefation e the 3¥ousing 3 ,

i) (WW>+(WM> 5

dwg,@ reate %m‘rg oot Hransfrred
1o moferals
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Let as apply the Rovphing t#heotem fo some exanplos.
Considler QA wire M%Sfeadywnenff The E
%S_ and B Felds are. Gonatant;
SRy
i r
& il o The rate of” EM erergy
.2 Flowing cut the Surface

of the wire (> Qaptered by the Surface integaal,
fg-dﬁz“/at ER- 2L =—/&O(—g-)(%§)m6

= "—'\=—- Q.__.e_ = 2 | W/\GJQ’O{%Y%CQ_
I t/S-ciQ i (O"A ) =] J mired Sign mean ?
Because T+0 msro/e the wire, the e@eoz‘rafm@nehc ==
Trarsfers erergy 1o the charged matenals,

8 - - , _ /LN £
= fE-T dr——FE-FA? CTA)(X} ) Ae
R 2 Ehergy Transfers fo
= — ) = IR |&
| L~ T (oa) T TR the hanged materias !
Reting all piecox fegether, L > easy to Seq that |
at [8 i, Loynting theorem

Let ws feun o arother example , now with a Qapocifor.
There > no curent insele and fhas

L%M=f§fuv=ol

Now Q1§ proceed fo compule
the otber 2 termas \
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The rote of {Kow-out EM energy >

fS o/a—“-‘—-— = anot—-/(gtgq—%(— 2wl
- |[sa --—®a§=—%"~—@}

W/mif abow’f the erergyy Changing rate (sile. the Qapacifonr?
S reE? O’V] ot [EL%[E% 'AO’]
x“@ax‘m aob(:‘/@aQQfe/mofoge#\e/\ (L o easy foden. that

fS 4+ £, %e&\a‘gyheuei‘éaat/&
_ the felds

ocu)@/ The Powhxg +heorem » alSo true. here.

D Morentum i the eloctromagnetic fieldl. In princip, one
Qe B Simidar steps (but much hardker) fo denve. the
equation for momentum Conservation. It fens ouwd that
The mementen dendity Cmomentun per wnit violume ) &
Lg__ g = E‘OEx’g %eEoynﬁnguedbrS%%e
v curent density, (€.

(‘3/‘)6/*8)/ dm&e per(mr%v‘/me /Oefamfafea And, &upn&mgéy
(323 oy afso #E,rmw

Let us use " photon” To urderstard the momentumdensrty
N EM waves (S@Wfo’r%e:d\eaﬁog & ). .\
E@-——vp (E——}'?a)‘, F—f'—‘ﬁg waj}?ﬂgjﬁﬁeq\\

R wave number:
Department of Physics National Tsing Hua Uni
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From the dlisperaion refation, @ = CR,

Q —

In ConSequercs, the enelgy density U ard the
momentun depsity 9 are refaled in the same way,

= o= Nofe #hal | X current dendity = X dernity - U
Y s e

We Can express the energy density in femms of S,
S—=tC—% fg=éc¢=5‘z8 YEST T

Because the momentuun ardl the velecity are paradéel), g
ard S are pamlel as well. The Lector refation o

oo L B | TAIS refation gives the Boynting vecior Q.
9= 2 S - :
two distinct physiaaQ meanirga £

Let us appdy the above result fo Compute the rocliation
prexwe. on a perfectQ, absorbing Scurface.

= N - - E : : \ st |
éS P = e momentzun Curent dendity
TTTI7TTTTITY z(mmc’bﬂbﬁy,\)'e = 80 - -Hg_ 1
Pa‘z%ofﬁyabssrb/‘/g

“The above Caioudbhion can be applied

_S‘g, T‘ & —§ To a perfectfy rez“éacm‘/@ Surtace

e 5 rodiation P

=290 =—"=
perfetl, reftecting L 3 = ] doubles ¥

A@%ougf\ he Effects of rodliation pressure on ordlinary okg
are._horel o obServe. Ywmﬁhddfd\%e&ky——:é

the Comel faul Caused by rodiation presre the Stn:
Q y QJ‘? epartment of Physic.ls%i{ifr?al Tsir% Hua University
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Let w» corsider an infereating example To See how

~— he Q/\gaﬁarmomem‘cm N the EM Feld Can be

hensterred To the d\z/ggol Inatenals. B
At t=0, the = ;

% & ‘3"% Sg&efr\ & af E
rext,  The momenttun
das:7 inside the

OYdeef\ >,

g=€ExB —>|€=

—

Becouse T, E, B are mutaly ,De/“pe/\ol‘CanJ\
2=0% oad €= greEga=24&k = 25

T, . W T T e 277% R | Zrh

The mg«ﬁ:?f mnenfwr\ density Os O Constent. The Tofal?
Qf\g«u@w momentzem camec by the EM field o

/= fdveﬁ-z—ﬁ_z-vrh e LL J—rch}

we decrease the B fFeld] grackally To 2ero. Where
ol _ 1 2 2B dB <O | doenthe argular momenteur
dt

oF the EM el go :

Let ey callowlate the forgue on fhe Charged CyCnder.
According 1o Farodkay § &aws, the induced eéaoh‘fe e o

e . QdB ] dB
E,M-an‘—— S T D[E' J

ind Ci't

The forque on fhe CRinder Can be Computedd .\
A
[‘sz r- Fr;\d = Y‘QE,\AD, PQ SIE Fa \\
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| Mqéi/g uUse of the EOM for rofation

- = gl _ —LFCQOIB Lméba/@alb/\

m-- /?fgxww ”WWETO}/@M’@/‘

Combine both confribudons fogether,

Ty ———-—-dt O iy cm]

ﬂﬁrﬁaWy at t=, %ea/gc&ar mOmenfam e 81%37&& N the
| Béo,ch’oma ehc ﬁe()af As weeéle the B ﬁe@:/

The ango&arzmmenfum O Transtemed from L (The ﬁ“’oI )
o L (the motenal ). BUT, the toial arguber momertren
o SR conServed o
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