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Schrodinger equation

The dynamics of the wave
function is described by the
Schrodinger equation. Note
that the time derivative is
only first-order.




Quanteern Mechanics

1o descrite a Quantm parhcle, one needls o ANowr
(o Wave Funchon ¥(xyZt).
oz
2
|Wixyze) | axdydz = prt=bidty o () at (Xy2)
4
dx

To solve PBr #He wave Bunction Uxy.zt), one needs To
wunderstarcl  Schibdinger  Equafion .

w0 _ AW o¥ oY

(ASE = - axt topzta | T V¥

For- simplicity, we would mainly corcentrale on the D case.
Nete that ot (o NOT the bame as wave epuation ..




Compare with Wave Equation
'W‘g()ct) A conventonaQ wave obeys the RBllowing

| /) 7 S&puation.
j ""---.#*w_\ 2 =
of _ 29¢ U oave

On the other hand, the ffee partitde satishes the Sovedlinge!
equation .
: 2 3 _ L ¢ Rx~at
A éa_é_b = —% é@)% => Ykt =7 e
/ /WIQ Cerstl cn x .. &
F /andtll The wave poems Sthc i only
Pl 2) b measwred ... ..
7 X




Time - Independent Schrddinger equahion |
Since the Soddinger equation is Ffrst-ordler cn fime, (s
#me dependence can be Salved easity &

AL = B SY - fed Guoos 1!
éﬁ;% - 2—7% = T Wi Aucated Guesd e
o Wit)= Bx) e
: . - ot
A(~w) $
5.2&-}-[/@-]%6‘0{ . nofe that E=Aw
o @ sheadd alwoys
D{> _}:C‘?;%_’_V@:E@ feegp cn mind the
t+ deperdenca. !

dE ., om

el (E-vV)& =O




Reysit Fee Futicke.

Sihce V=0, the cpuation is rather vl

; 2mE . _ BX : 2 gomE
5.!_3%'-’. A2 (/) =ED Wix) = (81 w1t g = A2
A -+ [2nE
E ;9 ’6 ﬁz

Or, n mare Bmibiar formal  2m

[2mE
For corvenience, &= 2;?2 and e two degeremite Slutions

are -t tekX
Wixt) = € ©
K = R As lorg ad E>O, there are paird of
= = rolutions with the Same energy.

=

WAy the 2- B degeneracy ?

—
Q x: (1)
" (2) wWrat hageend (F E<o 7




Tine - Reversa  Symmetry
Suppose o wave farchon Pt) safisfes e Schrddinger

) [ 1 :

New we want B show Y x-t) & a solutin an we®.

moor: QO P ke complox congugale

o Y xt) _ _A® 5 Uxt) x

[@wwg the potential (a  Hme-nckepencent V(xt)= Vx) /')6’/8]

(2 Karge vanable £ -t

5 OPE) _ _ AP oWoe) o
L}'—‘)-—-gz__ P Sx2 + Ux) ¢x é‘)

T laar that Yint) also satisfed the Shiddinger equation.




Kraunerd Degenerscy
Suppese the wave fanction dexcribed a Stetiorary Skfe with

: 7 £ B
definife erergy ot) = e ceot
I +win brother Sfate wunder #Hme reversal transfPrmation (S
: X s - il
Vo -2) = &) S = F5) €T One nofies et
they share the Same energy E I
E(x) &ex) Example : pllane -wave polution
Wix &) = <S>7£X e—(wt R ~mouing
(P*(X;t) _ e-aé'x e—cwi‘ /- /nowrg
degererste o 5 By swithing the direction of fime, the

energy !/ R <> / rnou#g Atates alSo Scoirah .




E<O Sotufion
Consider the E<O dolution RBr o free partle.

2 2M/E/

*du _ _ I L 2MVE
/= V=) Y~ oy X'= —%32

2m dXx=2 aXx?

The gereral dolution can be wriffen down rafher easity,
X - X Somerhi oA
vx)= Ae + B e e a0 R <
his Solution P? (D< D
Consider the specia¥ case where B=0O =

) = A > pe)= [weolt= AT ™

MO S Lo infrity The wave fanction diverges af %= +00
) B T et <
e " o gererle a Sensitle probability
ole/\sfb/ "

| 2
/dx/W&)/ — o0 I




Fotentiol nall.
Consider o partficle and a wall at x=0. fowever, Zo

r bl Simplify the problem, U is often
TN\ Q,qomxz‘mafed by He So-anlled
v \ <= Q hard- nwal¥ condition .
% e c— O X 50
/ X Vix) = {
oc 7&x*? . As

Fom Linear Supercosition, the general solufion with energy

£ =R ies the Rrm:
‘ o€
W(X)=AC’C£X+866X

Since the wave finction vanished af x=0O , we Heed lo
enferee To  boundary conditon ¥ (©)=0O.
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Ho)y=o = Ar B =0 = ], 5

77\663, = &X <& = 2 7 = C8nkX
W) A e A e 2¢A SInkX n
We can plot the protability density OE).

e () PxE) > not _wunifeorm anymore.
m (2) pixt) > sktic Cnot ke the
/ i usual starcling wowve ).

net cnifarm anymore 4

Furthermore, we can compute the probabiity current
Bl =3 ¥ _ Y =D S ¥y =
36)= gmr (Vo ~ V)= (Vo5 ¥)=©

— The prokobilty Curenl i8 ze as we expeofed.
— Hard wo gives rise To R — -R lus T Shift !l
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fotential Box "
he  Sovbdinger eq readld aat KY=0

M A
where @9'= ng - The gereroQ olution (S
@ j —CRX
Wix) = Aeﬁx+6 e
D X=L Now, needs o mﬁsﬁ; two bowrdlary conclifons

(1) YO)=0O (20 Y1)=O Fom the first BC.
4+B=0 = Yx)=A® AT = 204 oinkx
= C 8nkX
New, readly o opply #he 2@ gec. YW)=0O
Sn&L =0 i 50 - o7 P sl (;o\"
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energy Quantization

A \
Fom the Quantized momentom Fh= P&, = ‘IZZ"’ , IFS ey
to Shows *that erergy o also Quantrzed .

po- T I
B B = oniE E o Y quantizd !
We are ANOT done yef ... Wx) = C sin (#,x)

SHOQ need lo Rgure cof the const C
YA
| ax ol =12 = [ dx Csin(x) = 2

Reca0Q #at Sin@x) =3 (/1 cos 26X)
L VS

[ sit@x)dx = [ Fricoshgx) dx = F

o o

Thas, #he wave Runchion & )= /1 sn(G=)
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Wave Feenction
Just as n conventional Sturding waes, we see noda¥

Struckuwre in wave fanchiond. Nofe #at, exagpt the Grocrd
oiare, all e)oz'ed dMated Aave noolas

-..____./""-—._._,-1—' S — .

#oﬁnodeb n/

—

;larobab;@# a;p@fw@ i ity a@;g’b/
E | \ 2%oited ! E
AL o - ganam) Sz AN
1 i } ;
oy ElAVAN

i < :

( f ,

wix)= [Z snE¥) g n

- o
- Q

- >-_
- - - - g
- ;\J>p ~

'W(X);—/’ZS.T“ S/‘n(-7-£5> f;:t:

I
x
)

O
>“(
N~

)

X=0
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Borr Quantizafion
1 T View the statonary solution as muliiple selF

S Construchve nterference. The phase différence
—_—— ——
} - @n-?—?i.

2 _ /2L
6-277-——7\'—) ©

= Tr -+
S “‘@7777‘

The constructive ifenference regeures S = 2NTT
L
onm = o (B&) —zm D 2L = (1)
aSi/g Hhe relation P'—"f' @ 24_?_ = (At A

V' N
FinaQXy, we amve at op/. = Nh . OR, en more Bomal

tormad |
ﬁpdx= A (enT+%)

tsmfferir@ ohase.
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Simple /ﬁlgc@ba‘f?bn?_
P A b pax= A (anm+@g) D p2L=h 2T

" . z2nThH  _ ATA
p = -

N EYa Z

Arotter exampbe (s Bohrs moolel Br A
afom.  Semehow, the argelar momentcem
IS guantized . ...

. @Z=0 o ths

;
bpdx = B (2nm+ @) i ?S@
P',Zﬁ/f‘ = 27')?{7) ®P+

= L = NA the angular momentwm <
quantized @ wunit oF 5.
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(haerbinty  Bircip.
The wae frcton W& = [F SNEX). We can aleulote
the wrcertaunty o position.

‘ L
<X> e / dx px)- X = > =% og/ryr)efry.

(Ax)zz ((X—-(X))2> = (Xl—' 2X(X>+'(X>2>

= O3> — 200CK> + XS = (> —(xy
Ondy resd 2o compute (X2 now.

- £ 2 .2
(x2'> = ‘/d)(p()() X2 = -f-[dx X S/ﬂ(@f()

The mi%ra.o (S eﬁafrﬂvﬁzy:
'.'3 ?‘2
bs B cos& -'/ \
\/ X S/'nJdeX =% = u 445(2 )~ 2(?:’3 Sin(2£x)

1



3 24‘2 3
2 2
Firally, the urcerkindy in x & @X) = (/»r’>2—(x> sxL-f R
) XA =L B
2/3
On the otter hard, the wncertrinty cn momentem &
x 2 -
= - ;).
P2 @ EI<> AP=/(P’>—VP> = p ==

2

(py = O

/ NAIT
Onecancm;@wz that AXAp & =Ll T

= axap =nh M W
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De@e/emoy apd  Symmefry
Now corsider a parficke o 3D box of Gngth L. The wave
farchon can be &:Qued i a Simiéar fashion.

4 /]
/ l.‘

| JTX m2
[ f | iy z) = / ) Sln—z—' SN ,VT)/ SN ——— =

da

2

/ 2
The ol eregy E =n (B*B+R ). plg
(n the quantized momenta A.F, Re.

E= ﬁ(é* zé’f)— 7%" (r)x+n),+n )

Ihe totl energy depercld on the Guanten nembers (N, Na )

3E.1. (4,1, /> D=4 fB@chv/ 75
6L, (2,1,1), (1,21), (1,1,2) D= 3 e AYmmetry.
C?E{ (»2/2/ /)/ (2/ //2)/ (//2/2) D=3
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Finte Rfentel Well
Consider o finife potential welf as shown bebuws. The

Schdclinger equation can be solved
N wo Sepomafed regimed easily.
Then, we glue the polutions fogefherl

In regen L -

Al p = E
2m dX? 5 % 5@

In region I :

- E<O A2 e —
o dx? ES@:

Both Y ard Y can be sobved easiy. To glue #em
logather Smeoth®y, g @)= () @)= GEca)
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E>O  Scaffring Sale
Consider the positive enefgy dolutton. In both

/]
2V AN ‘ ‘
/ I regmed , the rodution @ péne wave exapt the
f/ rl =m momentam is different.
é/////u 7) A glik
Jf\f’é@fmel'-’ “m\dxz'—ﬁb(p:Ew
The 88/\81?2-0 oluton Lix) = A ec‘éj,x + Bécéx
where the momentem &z ¢ a £ =E £ =/zm(E+Eo)
2/m T A2

Due To the hard wall ot 2=0 = %&=0)=0O
sy, U requrey ATB =0

pe) = A - 4 = 2acngXx = C sin&X

We can now go ahead and compule Y(x) o regime IL ...




In r@/‘me "/ -.ﬁz_?.f_(e. = E Y :0 (VfX) = A/e1)§rx+ A e

It & eqiwlent T write e Fereral solution g = /2;?5
o Terms OF  Sin, CoS.

W) = D sinkx + £ cos gx = c' sin(@x+S)

Glue &™) and %X) lagether af X=A.

W) = ¥ (@) EQ C sinf&.a) = c’'sin(6at+d)
440 _db@) L C &, cos(ka) = C' 4 Cos (a+8)
diide both eg5:
d
csinga) _ c'shn&atrs) L m@q) m(gﬂmg)

CA&; cos(k.a) 'K, Cos(ka+o )
¥ & can be doved I g5
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Once the pRare SWAF S IS known, the rofio befween CandC’rs

/ ,
C sin(%a) ¢ any misshg etion 77

-__-———
o

C Sin (Bra+3S)

| k) = c’ sin(fx+S)
oY ‘:\/ Vo /NS reseldl s NOT Too Swurplising
7 when comparing with clwsical one,
(x)= C Sin(&X) Exaept ... the probabiity cersity
modlulation (n SPAcR s

w‘
23
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SONOMRNNNANS

i

E<O PBeourd Stie.
For E<o bound skte, the polution cnside the well

) ) > shll ptane ware. BuT ! What about 1Hhe solutran

“E, chregfmelr? [etb foke a closer look.

ANNAN

Fellowing Simidar offgebra, U @ easy To how #at

- y _52.7:2-— = —/E/
L&) = C sn(EX)  where Zpf -5

The momentem inside the well ¢S AR, = ﬁm(&;—/E/)
Okc. MNow tumn cwr affention To regime I. The Schdolingel

eation readd N
2 S dy _ /2miEl —

“;‘%f{%z‘/gw = o/xz”'(;az w=of
L) = r e X i Bo=/2ME]

24



Qollect the solution Tegether -
C sin &X Xsa Try o glue them legethe!
W) = { s Srooth and Hgt I
D e X =>Q
We want (1) @) =%@)  MNeed To do Some math
(@) Y@ =YY@ o e Rllowing @

\ . _-O(Q
From (1), CcCsSnk&a =D e A £ otha= O
Y-V
Fom (2), CR.CoskQ =-Doe

Whiting #he absolufe value of energy [El= E

A= [OESE) N gR= ome-ame

Ao =,/2mE ;3-:6(9':: 2meg

or = [20- 42
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The motching BC. gived b cor(Bq)= —&

e . &2
- Cot (%a) = —:»(? =) —cof(a)= /""é,:

The bowrdl stafe erergy can be solved by plotting both sides
ancl Cookirg Br cersections.  Easier (F we make everyfhing
dimensioneso .

y= &Qa A-H? quantized! !/
) a’ Terd T g

A'-"- 2Mvy Q
;’-2

One can resd off the minimeen A o the bownd Shile
o exst.

2

A-EF) o AsE
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Quantem  Leakase.
Fom the malching B.C.

- cot(Ba)= __2_(_. /znz::, B /\‘S_X
For Sfeeper potentiol well, the number A ‘ .
of bound btates increase. Several wunportaif
Key féotuses : ;
N A
(1) ModaQ Structure Y |
(2) Quanten Leankage - & is possible X=q>
o find the ‘ ; clssy
\n ,z?czn’vc,:’/e wn the 1020y o lon
 forbicden regme regime b)/

(3) The decayc}g 00lution doeny exist Clarvical) meshanicd

7



Rortile on Gernem? Rofential
| Consider a partice moving n
the potentiol (shown o the @FF).
Z 20 Chumietty O
—X =2 £=0 (1) Boceroled motion fér E<O.
E E<O V/a'= pan‘rc@z moui/g befrween
JER— fwo  fuung pointd.

_ | - (2) Unhbaurded mofion Br E 20
B ey _ The putis moves drward]
mamen

- e . "
% Ux) = E i e untQ the teming point. 7hen,
b charges direchon ard moves
ouwd To /hﬁmﬁ/.
4 tfuning point B QPeEN it
2 tuming pointd for Closed

= Vix)=£&

28



WhatS rew (s quantem physicd ©°

) (1) For E<O, bound skie wit discrere
ere@y Qvels. The Hpicas wave 1A
s (s shown on the Cef?
E<O
M E<'sﬁue Lok Closer into e details of #he wave
guimind @2 Soluing Rr the

_Cracf, wave fanction
can be a frue challerge..
BUT fI Itd guite edy
To gel amc‘dea
aboud the Shope OF
wawve feurnchon

29



(2) Por £E>0O, continuem with Continuoe

V<) E>O
-4?\/\/\]/\ energy Govels. Again, ONE Can ger A
. rough dea abeud wWawe Feenction easidy.

\/ Observaton : C?

2.
| ’% + X)) =£ =D aBl"ﬁbn-okgpeno/eA#
| momentcem

Ax) = £ J2m[E-ux]

Thad, we can construct the wave feenction -

2&GOX - X)X
W) ~ Ae +8 ¢ = A'sin[&x+S]

where the positon-dep px)=7%&x) and & is the prase shiff.,

30



Guanten Tuwneling

i Consider #he pofenti=® poffls.
T-=-=------mmm Scaolesi
8 Sk I+S claar #at ...
/M (1) E<O beard sbfe
> X ‘
\\/ el (2) E>\, Scaffering stare
St Whot abeed the rerge O <E< . ?

Think  think, #hink ... Clasoia@ly, we st Fnd erther
= (1) 2 temirg PONTS, OR, (2) 1 *p.
Depencling on the ¢ n/‘g;g condifhbn,  \/(x)
the particde can be wsde #e
trap with Cloed orbif-, or culsHle
the trap with gpen orbit !

il



’%ﬁv‘ﬂ, wo'oi aboud Qa:znrkan mechantcS ©

We czn wule down the +/f°
wave Eerchion eas(@y
: e |
woy= A e + 8™ oJas o Tﬂ -
7eem
—oX Fuan v —>
Y¥x) = Ce *+ D il Serpris ! T zrb m
08X -8 X |
gx) = E e+ FcC
The momentem o regimey I 2 T "y
2
Zn tFW) = E p= /o (E+y)  regine T
"_2%-% + O = E P/= 2ME f%;}r)e 1T

32

Leté Simplify the question a bif &




2
Int U=E DD -k <o !
L= - (-8, p= *i [on(y-E)
Thay, he a’emyr?@pwuﬂe?éf“ X=tPp = tfzm(q,-s)
1AX -2PX — X ox
Wx)= Ccec +De = Ce * De

3L Nofe that, CF is cnpossible To find the partidke i regime I
i arical Cimit.  However, (n Quantemn mechacd, an
anaginary momentem 1S meaningZl and gives rise o rhHhe
SpatiaQy decaying solutions !!

& The presence of thexs decaying Daled e quanteen feuneling if

6%6)



2 & Ln s - |
2 N 3 [et8 leok ot the wave fanchion agaen .
kix) = A e®+Be

Cf@% /\\ ~&gX
NN oux

Yx) = ce +De

w. ¥ = £+ g g™

oYX

By mafohing the bowrchry conditions (‘//, g% ) mast be
Continucwd = 4 consfrants. plus [ Construnt at
z=0 [ Y)=0]. We can solve the constantd.
Remember the normaQization Cordlition gived the #ina® |

Constraunt . e rneli
,.8"" it @' l.l
/

copsdl ol W L _._@_D
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Semicdasdicol Approximation
The frst cufe rofion s PX) —

K AP poax — @ = 20T, G scalemg
8 _L & -
S = P PeoIX 2Nt + @y
a1 ~Z é’/}m[g_v(x)] dx = A (2nT+& )

o I .I..—.:TT —
R 2T = \96 ﬁn[g—vm] = 2rA (N+3)

515)



A simple check .....

Doep the pemiclasdicsQ approximation mokel pense at all ?
Let§ check .... The position—dependent momentees P implied
e wave fawnction taked the fbm,

VIR E) = e?:[é’(x)X-COZ]
ghosk.. ¥ 2= o) GZ@X—Q)@ - Caw) Y
éaxé"" < (£+ %x) ezﬂx_@t) = 7 (’ﬁ+§)<) v

z 2 J(#&x-cof)

Su— (P X&) SR of (e hix) e
[4‘ (6+ Lx)+ ¢ (25’54'5%}%)] Y

- _ Lapo L 2ME o Y |
Nete thail %“ﬁgf A 2/onEv) o< Zx I Thad, for

Srecth pentizl, we can diop adl ckreles

px)= KR = [2mM (EV)

I
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Affer dropping a0 spatial derfoafive) ... (O,

Y- Ci) Y plgen e i

% _ _A*0¥ )
o . Shvedingar CO ASg= o + V¥
% ~ -4 ¢ tioN
AX2 e
@t = N3 = (R Y = o ¥ = E ¢,

rght = —_Z,ﬁr%‘g;?% Y = A A V] = [ErVv) ¥

’[(@f)):v]w =(E-v+v] = £%,

The Gft = right = Sdhrddinger equation (s Sofisfred.
TR, ad log an the pofential (S Smooth, One can wubg
e semiclassriazl) approximation To compeXa the discrefe
bewrd-state erergy.
o @D
Q) How smooth /2 smocth P HuR . e

S



Try a Simple example . i

Consider a paratoXic pofential /() =z‘£x2.

f;/ | - The Schrdslinger equation (S
| 2

2/mM AX>

The above differentiaS equation Certrinly deoks wnfriendlly
At Caost, o feshman ...

Let§ fry to solve I by the SemiclaxsiaX) approoch.
Prooax = A (2nm+g ) =y ‘é/WE-%/) dx = 2mhA (n+37)

Hows nice ! We ondy nead To compute a simple infegraXl .
Preodx = 2 [ [fane-mix® X, £X: teming points
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Some a%ebvb. < L — —;-5)&225_
Zj&ﬁne-mﬁxzdx =2/_/r'1§f /%-?~x2 aXx )&2=%
—X- —X.

Xc \
| ' - = X.SIN©
=2 /2 f X:-XZOIX dhangre vanabe s X=X
% %\ {X=Xc —> 0=7Z dx-——*xc__cOs@ds
% S lx= = —> &=—3
=2 (m& / X [1-sihe éga:scs 4o )

2

. i/ 25 7 ro )
~2/me X fzc@splgole = 2 F (oY)
~=Ir

\ PE k3 2
= /%1. UE (m,ggm_q) = = [g CoS® dé
)

()
f\@:%eahz%mQ.~. Q piece off coke VW
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O /3

}/&E'lf-——',!n‘ﬁ (m#) & g = he(n+z)

2 For a simple harmonic oscilfafor, the aQlowed  energy o

no Qongzr continuewd. In fact  the enegy (» quantrzed cn
unit of AW =hY — very simiar to Einsfeind nofton

r photond $ )
| resitQ 2
N phofens
/\ \/\/\/\/\ /\_M Comed ﬁ@’h-.-_..
3/ EM = hos Kot -t RO — Hesenberg ngerixiny
principle !
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