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Finte Rfentel Well
Consider o finife potential welf as shown bebuws. The

Schdclinger equation can be solved
N wo Sepomafed regimed easily.
Then, we glue the polutions fogefherl

In regen L -

Al p = E
2m dX? 5 % 5@

In region I :

(__%\\ e
pceEso A dW - my
2mM dx2 fi o

Both Y ard Y can be sobved easiy. To glue #em
logather Smeoth®y, g @)= () @)= GEca)




E>O  Scaffring Sale
Consider the positive enefgy dolutton. In both

/]
2V AN ‘ ‘
/ I regmed , the rodution @ péne wave exapt the
f/ rl =m momentam is different.
é/////u 7) A glik
Jf\f’é@fmel'-’ “m\dxz'—ﬁb(p:Ew
The 88/\81?2-0 oluton Lix) = A ec‘éj,x + Bécéx
where the momentem &z ¢ a £ =E £ =/zm(E+Eo)
2/m T A2

Due To the hard wall ot 2=0 = %&=0)=0O
sy, U requrey ATB =0

pe) = A - 4 = 2acngXx = C sin&X

We can now go ahead and compule Y(x) o regime IL ...




In r@/‘me "/ -.ﬁz_?.f_(e. = E Y :0 (VfX) = A/e1)§rx+ A e

It & eqiwlent T write e Fereral solution g = /2;?5
o Terms OF  Sin, CoS.

W) = D sinkx + £ cos gx = c' sin(@x+S)

Glue &™) and %X) lagether af X=A.

@) = g@) = C sn(&a) = C'sin(ga+d)
S’%@) =§’;<""(a) L‘\’> C &, cos(&a) = c’ 8, cos (ka+S)
diide both eg5:
C Si 4 S
sina) _ c'sh&oatS) = _L m@q) m(gﬂmg)

CA&; cos(k.a) 'K, Cos(ka+o )
¥ & can be doved I g5




Once the pRare SWAF S IS known, the rofio befween CandC’rs

a Sin
et @: any missing cquation PP

-__-———
o

C Sin (Bra+3S)

/ {\ N k) = c’ sin(fx+S)
oY il TAis result & NOT Too Surplising
7 when comparing with clwsical one,
(x)= C Sin(&X) Exaept ... the probabiity cersity
modlulation (n SPAcR s
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E<O PBeourd Stie.
For E<o bound skte, the polution cnside the well

(I) (I)
& ol plare wave. BUT ! What about #he Sodutrien

= i~ regime I P [let§ foke a qbser look.

ANNAN

Fellowing Simidar offgebra, U @ easy To how #at

2,2
L&) = C sn(&x)  whee DX-& = /&l

The momentem inside the well ¢S AR, = ﬁm(&;—/E/)
Okc. MNow tumn cwr affention To regime I. The Schdolingel

eation readd X
2 S dy _ /2miEl —
L) = r e X i Bo=/2ME]




Qollect the solution Tegether -
C sin &X Xsa Try o glue them legethe!
W) = { s Srooth and Hgt I
D e X =>Q
We want (1) @) =%@)  MNeed To do Some math
(@) Y@ =YY@ o e Rllowing @

\ . _-O(Q
From (1), CcCsSnk&a =D e A £ otha= O
Y-V
Fom (2), CR.CoskQ =-Doe

Whiting #he absolufe value of energy [El= E

A= [OESE) N gR= ome-ame

Ao =,/2mE ;3-:6(9':: 2meg

or = [20- 42




The motching BC. gived b cor(Bq)= —&

e . &2
- Cot (%a) = —:»(? =) —cof(a)= /""é,:

The bowrdl stafe erergy can be solved by plotting both sides
ancl Cookirg Br cersections.  Easier (F we make everyfhing
dimensioneso .

y= &Qa A-H? quantized! !/
) a’ Terd T g

A'-"- 2Mvy Q
;’-2

One can resd off the minimeen A o the bownd Shile
o exst.

2

A-EF) o AsE




Quantem  Leakase.
Fom the malching B.C.

- cot(Ba)= __2_(_. /znz::, B /\‘S_X
For Sfeeper potentiol well, the number A ‘ .
of bound btates increase. Several wunportaif
Key féotuses : ;
N A
(1) ModaQ Structure Y |
(2) Quanten Leankage - & is possible X=q>
o find the ‘ ; clssy
\n ,z?czn’vc,:’/e wn the 1020y o lon
 forbicden regme regime b)/

(3) The decayc}g 00lution doeny exist Clarvical) meshanicd




Rortile on Gernem? Rofential
| Consider a partice moving n
the potentiol (shown o the @FF).
Z 20 Chumietty O
—X =2 £=0 (1) Boceroled motion fér E<O.
E E<O V/a'= pan‘rc@z moui/g befrween
JER— fwo  fuung pointd.

_ | - (2) Unhbaurded mofion Br E 20
B ey _ The putis moves drward]
mamen

- e . "
% Ux) = E i e untQ the teming point. 7hen,
b charges direchon ard moves
ouwd To /hﬁmﬁ/.
4 tfuning point B QPeEN it
2 tuming pointd for Closed

= Vix)=£&
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WhatS rew (s quantem physicd ©°

) (1) For E<O, bound skie wit discrere
ere@y Qvels. The Hpicas wave 1A
s (s shown on the Cef?
E<O
M E<'sﬁue Lok Closer into e details of #he wave
guimind @2 Soluing Rr the

_Cracf, wave fanction
can be a frue challerge..
BUT fI Itd guite edy
To gel amc‘dea
aboud the Shope OF
wawve feurnchon
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(2) Por £E>0O, continuem with Continuoe

V<) E>O
-4?\/\/\]/\ energy Govels. Again, ONE Can ger A
. rough dea abeud wWawe Feenction easidy.

\/ Observaton : C?

2.
| ’% + X)) =£ =D aBl"ﬁbn-okgpeno/eA#
| momentcem

Ax) = £ J2m[E-ux]

Thad, we can construct the wave feenction -

2&GOX - X)X
W) ~ Ae +8 ¢ = A'sin[&x+S]

where the positon-dep px)=7%&x) and & is the prase shiff.,
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Guanten Tuwneling

vix) Consider #he pofertia® pofide.
", P — S 'i "
g Sk T8 clear #at-....
/M (1) E<O bed sblre
> X ‘
\\/ bogend (2) E>V, Scaffering sare
State Whot! aboed the rerge O <E< I, P

Think  think, #hink ... Clasoia@ly, we st Fnd erther
= (1) 2 temirg PONTS, OR, (2) 1 *p.
Depencling on the ¢ n/‘g;g condifhbn,  \/(x)
the particde can be wsde #e
trap with Cloed orbif-, or culsHle
the trap with gpen orbit !
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Agein, wital about Quantem mechantes 3

Leté Simplify the quedtion a bif &
We oczn wule down the +/f°
wave Ferction easrey

wx)y= Ae +B8e" ' }V°L_
Quantem \Vs
—0X b
wx) = C e + D& Serpris ! = =
al —C€X |
&) = E 87" %

The momentern cn regimey I & W S

_2-/%2.,_(_[/[:) = F P""‘" /2/”(5+{/£>) /%f/ﬂt L.

P2, 0= F p'= [2mnE regine I
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2
Int U=E DD -k <o !
L= - (-8, p= *i [on(y-E)
Thay, he a’emyr?@pwuﬂe?éf“ X=tPp = tfzm(q,-s)
1AX -2PX — X ox
Wx)= Ccec +De = Ce * De

3L Nofe that, CF is cnpossible To find the partidke i regime I
i arical Cimit.  However, (n Quantemn mechacd, an
anaginary momentem 1S meaningZl and gives rise o rhHhe
SpatiaQy decaying solutions !!

& The presence of thexs decaying Daled e quanteen feuneling if
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RN == 3 Lets Leok at the wave Fanchion agadn.
Wix) = Ae®+Be

@ /\ —c&Xx
o <\ /N S

Y x) = ce +De

o g = £+ g e

oYX

By mafohing the bowrchry conditions (‘//, g% ) mast be
Continucwd = 4 consfrants. plus [ Construnt at
z=0 [ Y)=0]. We can solve the constantd.
Remember the normaQization Cordlition gived the #ina® |

Constraunt . :
urelig.. gl
/

. — w
oed (@] | L -
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