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VIII kinematical theory of diffraction

8-1. total scattering amplitude

Incident beam Outgoing beam

The path difference between beams scattered from the volume
element 7 apartis

~ L o~ N\2m - =y L
(k-r—k'-r)7= (k—k")-7
The amplitude of the wave scattered from a volume element is
proportional to the local electron concentration n(7).

Total scattering amplitude F

F = fn(?)ei(ﬁ_?)'FdF = jn(?)ei(z_ﬁ)'FdV

Define Ak = k' — k
Then

F = jn(?)e‘iA%'de:j znéezmé-f o—ibkF gy

G
F =Zjnée—i(AE—zn5)-FdV
G

(i) When Ak = 276,

+ Ak
=om =27
— * _ 172 ot
I'=FF =Vn_ gn
G=—— G=———
2 073

(i) When Ak # 276,

F Zanée—i(AE—Zﬂé)'de
G

For an infinite crystal
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F = Zf née—l(Ak—ZTEG)'T‘dV = Znéf e—l(Ak—ZTEG)"r'dV
¢ ' G ©

= 2 ns8(Ak — 21G)

ey

G
F =0,if Ak # 216

Therefore, diffraction occurs at Ak = 271G,
The total scattering amplitude F

F= f n(#)e- k7 gy

= jn(?)e‘zm'é'?dl/ =N j n(#)e 2me gy = NS

Unit cell

, where Sz is called the structure factor.

For a unit cell, total electron concentration at 7 due to all atoms in
the unit cell

@)
n(@ = ) n(# - 7)

j=1
S

S f n(#)e ™67 qy = f Z (7 —7)e2mCTay
7

Unit cell
S

Sg = Z j n (77 _ 7:}_)e—2ni§-(?—7j)e—2ni5-7jdv
J
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S

_ —27iG7;
S = ) ey

j
fj — Jnj(F—Fj)e‘Z"ié'(F‘Ff)dV

, where f; is so called form factor.

The scattering amplitude is then expressed as

S
F=NS; = NZ: e 2mCTf,
7

8-2. form factor calculation

The meaning of form factor is equivalent to the total charge of an
atom, which can be obtained by a direct calculation.

With the integral extended over the electron concentration
associated with a single atom, set the origin at the atom

f = j n(7 = 7,)e 2= qy = f n;(F)e =20 ay
T 2T

szffj n;(r)e =26 058 gy (rd@) (r sin Odd)
r 6 ¢

r

T 2T
fJ:_IJ_/ n;(r)e=2m6T cosOr2 gin OdrdHdd
8 ¢

,where weuse G -7 = Grcos@ and assume n;(¥) = n;(r) .

=i

TT
fi = an n; (r)ridr f e ~2miGT cos b gin g H
r 0=0
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1
=21 | n;(r)ridr | e ™60 (cos H)
j j

r -1
, e—21'[iGr _ e21'[iGr
fi = an nj(r)radr o Cr
r
sin(2mGr)

= 47Tf n; (r)r?dr

r

21Gr

[f total electron concentration were concentrated at r=0,

fi = 471] n;(rridr =17
r
, where Z is the total number of electron in an atom.

In fact,
the total electron concentration is more complex in a solid.
The outermost or valence electrons are redistributed in forming the
solid.
n; (7) is angular dependent and not concentrated at r=0.

sin @
fj depends on —
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8-3. structure factor calculation

S S
SG—> = z e_zniG_)'ij}, — z e—Zni(hd’*+k5*+l€*)-(ujd+vj5+wj8)f}
] J

J
s

_ —2mi(hu+kvj+lw;
Ss = Z e 2mi(huj+kvj+ w])fj
J
For example :
(a) one atom in a unit cell at [000]

S
S = z e—2ni(hc‘i*+k§*+lE*)-(uj&+va+ij)]c]_
j - -
Sg = e—2ni(hc‘i*+kb*+lE*)-(od+0b+oE)f =f

(b) base-centered cell : two atoms at [000] and E% 0]

N

S = z e—2ni(hc‘i*+k5*+lE*)-(uj&+vjE+ij)]c]_

J
. S R TS PR P
Sa=f [e-2ni(hc‘i*+kb*+l€*)-(od+0b+06) + e-an(ha +kb™+lc )'(§a+§b+00)]

Sé = f [BO + e—Zﬂi(g+§+0)] = f[l + e—TEi(h+k)]

Hence,
S¢ = 2f ifh and k unmixed.
Sz = 0 ifh and k mixed ( one even; one odd).
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The meaning of the reflection condition (reflection rule)

Suppose that we have a square lattice

(@) Primitive unit cell : one atom at [00]
e & 0 0 o

®
®
e o0
®
S
Sz = Z o~ 2mi(hd"+kb")-(u;d+v;b) f

J
Sp = e—zni(ha*+k5*)-(od’+05)f =f

(b) Unitcell : two atoms at [00] [%0]

‘e d

0] 130

e & o
e & o
S

Sz = Z o~ 2mi(h@" +kB*)-(u;d+v;b) f

— [ —2mi(ha@*+kb*)-(0a+0b) +e —2mi(hd*+kb )( a+0b)]
S

g = f[e +e ~2mi(3 ] f[1 + e ™MW]
Hence,

Se = 2f ifhiseven.
Sg =0 ifhis odd.

The reflection conditions for the case (b) are
Sg = 2f ifhiseven.
Sg =0 ifhis odd.
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The reflection conditions remove the lattice points [odd, 0] in the
reciprocal lattice.

Therefore, the meaning of the reflection rule is to remove the
additional lattice points due to the selection of unit cell.

After the substraction, the reciprocal lattice structures derived from
both cases (primitive unit cell and unit cell) become the same.
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(c) body centered cell : two atoms at [000] and [111]

S

_ E —2mi(ha@*+kb*+18*)-(u;a+v;b+w;é
/ 1. 15 1
Sz = f[e—Zm'(hd*+k5*+l€*)-(0c‘i+05+06) n —Zm'(ha*+k5*+15*)-(§d+75+§6)]

S@ — f [eO + e—ZTL’l 2 2 +5 ] f[l + e—m(h+k+l)]

Hence,

Seg=2f if h+k+1 iseven.
S¢=01if h+k+1 isodd.

(d) face-centered cubic cell :

four atoms at [000], [>>0], [503] [035]

N

S = z e—2ni(hc‘i*+k5*+lE*)-(uj&+vjE+ij)]c]_

J
s

— =2mi(hui+kvi+ilw;
Sé — Z e mi(huj+kvj+ w])fj
J
h k h l k 1
Sz=f [30 +e ~2mi(5+3) +e ~2mi(5+3) +e ~2mi(5+ 2)]
— f[l + e—ﬂ'i(h+k) + e—T[i(h+l) + e—T[i(k+l)]
Hence,

Sg = 4f ifh, kand | are unmixed.
Sg = 0 ifh,kandare mixed.

(e) close-packed hexagonal cell

Two atoms are at [000] and [Ell]

S
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5ol = 721+ e [ 4 5]

e[ ) ) ]

=f2{2+2cos[2ﬂ<%+§+é>]}

|S¢

2 o ‘r2h+k
|55| = 4f“ cos ( 3 +§>n
2h+k L |S§ 2
3m 0dd 0
3m Even 412
3m+1  |0dd 32
3m+1 |Even f?

(f) ZnS has four Zinc and four sulfur atoms per unit cell

Zn: Eﬁ]+ face centering translation
S: [000] + face centering translation

S

S = z e—2ni(hc‘i*+k5*+lE*)-(uj&+vjE+ij)]c]_
J
S

— =2mi(hui+kvi+ilw;
55 = Z e ( J J J)f]

J
55 — fs[l + e ~Ti(h+k) + e~ Ti(h+1) + e—ni(k+l)]
k 1

(h
+ on[l + o-Ti(h+k) 4 o-mi(h+D) 4 e—ni(k+l)]e—2m(z+z+z)
h ok,
Sg = [1+4 et 4 o=milh+D) | o-milie+D)] (E + one_Z”‘(TZ*Z))

1T,
= Spec (fi + fane 2 THY)
Vi

: TT.
561" = ISrec” |5 + fne 20 | £ + frnez @]
T
|55 ‘= |Sfcc|2 [ﬁsz + fan” + 2fsfzn COSE(h +k+ l)]

Hence,
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1S2|° = 16(f,2 + fzn?) if h+k+1is odd.
IS2|° = 16(f, — fzn)? ifh-+k+lis an odd multiple of 2.
|ch|2 = 16(f; + fz,)? if h+k+lis an even multiple of 2



MS2041 lecture notes for educational purposes only

Shape effect

8-4.

f ngei(8k-2n6)7 gy

F=)
%

For a finite crystal; assuming rectangular volume
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Considering the intensity

sin Mcr)2 (sin Nﬁ)z (sin Ly)2

I=FF*=nen+*( _ _ _
676 \ sina sin 8 siny

1st min occurs at sinMa = 0, sin NS = 0,and sinLy =0
iie. Ma =m, sinNf =m,and sinly =«

Substituting
aziﬁ-&, ,[3:%1_))-13), y=-D"-¢, and D = Ak — 216G

We can obtain

2 o 2T
(Ak — 27G) a_zﬁ
- - T
(Ak—ZnG)-b:W
(8K - 216) -6 = =

or

S
Il

/-~
Nl >
S =
[
(o) N
\/\/
Qu
[l

SR =2 X

/-~
l\J| >
S| =4
|
Y]
S~
aY
[l

Therefore, for a finite crystal, the diffracted intensity is finite based
on the condition below.
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I#0if

Ak L\ | 1
<§—G>-a <M
Ak L\ o] 1
(& c).i] <2
Ak L\ | 1
<E—G>-c <Z

Example #1: for a very thin sample

[
/ (I
I I
—> 100 zm [e—
Ewald sphere construction
[ T T U N Y T N A NN BN
1 1 1
11 11
1 1 1 1
11 11
11 11
1 1
Y T Y Y Y Y O I O NN
S-5=GC
> k =z K 2 . . .
,Where S = pynllt S’ = pom and G*=reciprocal lattice translation
vector

When G* # §' — S, diffraction occurs due to “shape effect”.



