EE_C}«__EQ ! The Styn of Gauss Curvature ot pes creqular sdrfacé)
ki Rz are principle curvatare of S cIR?
e, €2 are principall vectors o S i§ v = cosge tsinges
the normal curvature of S in the vV divection is £a = %< NNy = Lp(v)

nk <> cupvature of curve _

kn= Ip(v)= - <dNP{V)J V7 = *<dﬁptl059€|+5r"992) L0508 ts1npes >
= ki w0s%9 +ka51n%0

Az —dNpte1) =%t

T dNp (L)t l2

If w= xe tYez . Tpw) =% 1% -&;j’-

K=%%z, z ;ﬁ'i%fii 6]:11455 Cuarvature / Mean Curvature

*1f the surface given by £=h(xY)
X (V)= (UrVy hwv) )
2 K= -4 = ]’]umh'-’\""]’lvuf:l

Eq-F?
- w = 7 (huuthw)
2(E4-F7)
Hessiall of p = [ huvt huv
huv hvv

T e Jubdy
| XuAXv]

E=<XuXu?, F=<XuiXvr , q=<XviXv >
e=<N:Xun7, T2 <N Xav7, q= <N, Xvv 7




2
Lp.co00) (W)= huu w4 2huvuVthwV , v w= (uv)
Py

©|<LP)70 7% eMipthe point

155 Curvature
2 % LP)7O& £20p)70 or Kitp)<0& £atpr< O
Thus S is t&nw chﬁ}j Jrom =5 tangent plane TpCs) in L t&nj@nt
directions at p. '

£.p) >0 Ra(p) 70

If %Y are principl directions

fiag 09=0, han (0/9)= fucp) Tyy(0)=Facp)

The quadtatic approximation of surface 5
=2 (Ti.;ﬁﬁzjl) 1§ para bo Lodd -

= Taylor s Expan,swrb fast
hxrY) = heon) +hetoro) x+hy o,o)j+2[h1xtvfﬂ))ﬁ “hxj O’O)xj#hjj w)jjm
; K
h(0i0)=0 , hx[o;U)’UJh (00) = 0
yFo=-< GHJP (Xa), Xu>=0.

Condusion :

@ kep) <0 ,pes  hyperbodic point
kicp)70, Ratpr<o. (k= Pt < AN (V), V>, by = MM <-dN, (1), v 7)

£=3 ('ﬁr)CJrfj)

The guadratic approximation oF S near pis
hyperbokic Pmmbﬁjun

S ¢ a Saddle ~5hape d nearp -




ol f 2

@ kep)=0
@ iF ki (p)#0 (20) ., k(p)=0 (fip) =0, katp) $0(<0))

The %uadmtic approximavion of S is 2= 14" (or 2 =2 1‘21}’)

T hS s thrm\«%h—shapeo( near p
3

€y
@ 'I%ﬂP)?D/'RJLF):O 1 220 = :"-E_.‘_'rjv_ — P15 a plannel pel
There 75 no imformatfo N about the shaped of the surface heat p

« ki(p)z 'ﬁ,(}))-& L’\mbi‘ﬂfuﬂz Pnfnt > 4hm :

@ Torus

Sz Toru{5

@+ oute!r half of 5
@ e inner hat$ of $

® kipro ¥ped
(The tords tends away Jrom 5 iﬁ”j“ﬂ)lan £)
@ Near each point pe'f, S v a saddle - shaped and cut -t,hruujh Tp(5)
> Kpr<o on 4
Near each point on two civcdes (Top and bo{tum) which seFﬁrﬂte {and ¢
/S 15 thriogh-shaped, Kip)=0

( There are no planner point on Tord$
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cz=xy (p159)
, X(wV) = (usv,uVv)

three hill $ an vaﬂé’ejs mef?tp must be 4 planner pomnt

HoweVer , vthe shape of S near p 'S too (om Fff{ﬁfﬁd for

all other thre€ Poss:‘bw:ties in &bov€

Def: Let § and S be £W0 riented regalar surface
Let ¢:5$ 25 be differntddble map and pe Squch that d¢ js non-singular

d9: Tpes) 2 Teqps 3)
wgla;q? is orientation - Preserving at p i given a 42_2_‘1?11&1."3% priented .
basis iMﬁiﬂM Cthe {ma\je ander dfp id*?p{wl), o{LPP[MJ;.)Z( form
0 Po.;lwe basis for T(p[?),otheruu[ée_ we 9aj ¢ 15 orientation -
reveréfﬂj at p

recall : Gauss map
NS , ST =unit sphere )

N
o - .
@ dNp s non—Sinqulal

I, parcicaldr, Y =N:§ — 5’
Let N be an orientdtion S it induce$ an orientation op 4* given by s/
prof 7 The Gaussy map N: s — 5" 15 orientation— Pregew.'nj i eﬂiyt{c
poInts and prientation - revers{rj at hy perboﬁ:‘c fu;‘ntg.
The differentiad of M 15 Singular at points whenK=0 -

s s*
[T ©
dNp: Tpts) = Twgp) ($) = Tp($)

Take iu}hw,_} 0 be & Pug;‘tfv@ bagrs for TPIS)
[det|Winwa , N | >

b
We want o Lok at § dNp(wi), dN,o{UUJJf-‘ Twepy (87 =Tp(s)
Let uS writé
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O\f\/p{w.)z {ﬂu a;:J ( 1:1 B} (ﬂu; Dy ) = AWy t )2

0;1 Az2 0

&NP(W1)= lﬂn A2 lﬁ} % apwl*mz;wz
A>] Nz !

\

( D‘nﬂz)-—ﬂ:zﬂ;j)m).h%’z
de{;ld:‘v’PJ wihWwWz
—"k wi A Wp

Jauss Lyvature

d Np(wi) A dNp(Wz)

K70, orientatfon - preservin
K<0, prientatfon - reversin

8% > o
{3
k=0

—

_f;_ﬂ Let Fes (Where S 75 a reju]ar, Lonnected surfaC(i)
Let V be a connected Nbd of P whe,re Gauss curyature K doesnt

chanje g(Jn.Thgn chjzﬂfm 7
A0

wWhere fr= ared of a rﬁﬂlﬂﬂ B < \/ wntaining P
o= oianed ared o f phe Ganss Jma.gaB

and fimit tagen over a Sequenct of ¢4 ons Bg that (,vnvegl?fwf-




i =Kep)

Note : pdd $igh orfentation freserving or Revers &

\"1’” And D ﬁ\(”rdrﬂj 0 Nu}'\ NV

R Ty - '(7 =

Leb Bc Visa r€j|nn coniﬂlﬂJTj Pes

Take X: USIR*— V¢S tobe a Pammetriiablon at p.
Let x7(B)=REUS (u/V) plane

AB) = A ?jﬂj | Xan XV | dudv @

Let 9= Nox 8 USIRT—> N(B)c S
0 is differentdable (%), whete N 15 the Gauss map

Area of N (B) = A(N(B)) =1~ jj [funtfy] o{ulal\/ wher ¢y = ,wx))
v = =7 (V(x)
f BT LN, 0 )A d A () | dudv —'JRJ 1K) [Xun Xv ] dudv —@

9 . Jg 1K [XupXv|dadV/Ack)
o I PahEe

SJIXunxvf dudy

AR —

thne 1 Fr’ 1

By vhe mean-value theorem for doubfe inteqrals , e vo)e R,

53 Lk Xu A XV ] dydv
LE] et gy - )

35 1Xun Xv) dudv
3 (i, Vh)eR, gt[)(uh)(u] (Un,‘lfr)’ ), I————

e A(R)
As R>(0:0)
I K[| Xuhkv]
i L = Ll il / = |Kep |
pso P | XunXv]p



Fact" Although the proo¥ onlj gives the Absolute valpe of Gauss curvatdre
however ; the sign can be recovered from the Gaugs map if we olen‘mﬁ
the Snjned aren

Ex amgle . l!% M( QJtuSSmaLf)
Nep)
N’:‘s Swlfnj JF @
L4

S = (r)

3 kep = i

aA20D

Bk
A

N wMaPSES S ontl @ cuive on Sz

Kcp)= ,e.‘m

A
A70 A e



- Area (—)=0
IL ... ﬁ \“‘/ Kip) =0

v
BY Thm .
[ «'"“--\_Iﬁl
- '\
S A=Area(8) /
_ - .
k doesnt sign in Nbd P, pes . ﬁ-’cm-;j n;ﬁ , A = Area (M )/

Curve
o Ct)

A(s) parametrized bj arc-Length

o ()
|ds)] =1
ted’ otk

Curvatire
remarg : Let o be a plane curve with nonzero curvature (k+o) pred
§= ﬂenjth of the arc- Length o & Small seqment of o f,nntm'nfnj
P. = - -
U= 1the arf“fenjth o} its :'matj? ' the ndicatrix oj' iﬂﬂﬂ-‘d}t-'

. R §
K =

A

The tangent i dicatrix T of a reqular curve o @1 > IR? 15 the
carve of sriented unit vecwr Tanjent to o .
Moreprecisely, if &: 1= 1R3> curve whose velod¥y uemrfl" S 40

Then T- d’(’o}
Jd “t) ]




ﬂncc& conveX and curvature

Ded : A requiar surface SR’ s adoclly convex at peS it there exist
s Nbhd Vo p st Vs contained ™ one of the closed half - spaces
determined by Tp(s) R -

In addivion, V has only one Po,‘n{; (ﬂeﬂ; p)in ommon with Tpcﬁ),
then we call § smcdj Jocally wnvex.  (vaTps)=3p5)

Tpls) Tp($)

® xro 2 strictly Locally convex at p.

pt : Suppose hot
3 %06 NEpE st =2} and XL€Tp(s)
Note that V is g4 Nbhd of P ALies on one side o} Tp(S) and
XJETP[S_J

Ly TF{G,‘: _]‘9)(}: (5)

5 .,]
X
Sy ' Tp(s) = Tals)
wu

IDNK A Pa\rameuiz ation at F

X:0 gmz — S‘;]R'Jj , Xtwe)= P , X({ud, Vi)= x4 (where i{M—’(;‘v"":,)}'EU}
Normal Vvectol at p ., N(o0)
N(0r0)= N (Ui, Vi)

AW L L i

L—> Nermal vector at X &

N(0o) — N(Ui, Vi)
WEHed i e B
=0 .

urtewa’
Jar (o, ML) 7 Vie (0Vi)

/

; T 3 LY W - - | 5 i A
N’ ( Ri,VA) = . where means diff in the directf 9 eA

AN (352 V4 ) (€)= 0 5 dN(PI ()70 as (uijV £j) = (o)




@ 7 S S }locaﬁ,ﬂj convex at p 2 Kep)z 0 -

f

@ k=0 > focal wnvex at p
M: X(u: V) = (urvy M3(|¢V’))

htusv)

X(o:0) =h (0 )=V
i I ok 3 sycn a a
v(o)=0. hd: 3“ (I_rv)

2
K = hawhvy —hwv huu=pu (1+V*)

A o [Hhuﬁhv,)ﬁ hy = butjv
} i < hvv = pu?
:’-‘?ﬂi[.H'“} ) ]1,,{-..1—;]1”\/
(%4:41)= (0/,0)
xg»0" Kep) =0
" &
Kep) >0
ktg)z0 4eV .V Nbhd of p-
Jlf\zl\ I A [

fLocallly grapr T 0
5 essth)>¥ ot P

a’tf
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f)f{f*}-"P

o)==V

S Tp(s)

Let S be a reqular surface and f:5 — IR be a diffeentible map.

given by fep) > IP'F"IJ ywhere PeS and po 76 q fied point of R

O pisa crivical point of T i the f;‘nejoinfnj P and po 15 nor maf
WS avyp.

pf: Let o bed regulat curve «:I1>S 4t dc0)=p and (o)=Y

df d _ 4 . i
ab |wo " it (f”‘)/m %; ('}M{U)!tso -&-—twtf) Po , A(t-p 7{1_,0

= 3¢ dto), dco)-po>
& Q<V} - e
A

Tp(,S)

d jC] Y P—Pu7 =)

= Py .

at Zormal

(&
Yo poPo TS a Line normgf 0 S at P 0\ Po'P:/\Ng'phcﬂ some )\
@ Find %: :{Jt;o =7 7F pisa critica point of T
a w: B* s

: 4 2 (o = 4 (facty

LQ‘Q E?-Il't’o at? ({ X)lfﬂf] dtz(} )

= 4 g ity dit)-po?
= T
db =0

=7 [ < d”(.t) ’ d(t)-‘FU = ]d;['f,){‘z) J£¢D
i 2

- ‘?[<d(0)’P‘?n7+JVI _]{[-r)

< 1[<d’fto), _)\N(P)7+IV12J

= 2 [-A‘(dyfﬂ); Q{y % ,}f}zj
g ey

&) )

df’

4 = -2 [ ALy (W )e |V J — )

¥ 7
0 Rl
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Recald : focall conveX and curvaure
®Keprrp 2 5trictlj ﬂvmﬂj convex at p
@5 Jncaﬂﬂj convex » Keppz 0 @

@ kp)=o P }lvcaf:a_j con vex
2 = )(54' 75'-42'

@ kg 20 v 46 V\IPE 2 5 ,ﬁomﬂﬂj conver

5‘:5""]&

surface

)7 |p-Pel s peS, peelR’
i R AL o\c,rl"f/f‘calyofnt of T
e Po‘p-)u\/cg)—~—®

normal vectd! oF S at P for some A
x:1-25
a(o)zf

a'to)zy @ P 5 a (rf't/fCﬂ«ﬂ Pﬂl-ﬂt o ¥
4 L2 AL+ V) —®®
at* +lt’° i = A

- < d I >
E‘Ul.\ P (O 1V
I

Thm: A compact surfae has an ellipie point

k)70 For some pe S

g N S is wmpact |
S achieve§ 1t$ cg)?obmﬂ) maximum and {g,ﬂobaﬂ) minimum

Namelj; at the maximam point p-

4 = @B <o

i e <0 e

B maxymam 2 2 '\ D\'ﬂ <{.f

“ATps V1T 5 AZp7 V70
1§ A>0 2 kep)70-
voape fEVUISE N SV A >0

0.K

-5),\.-"-’.\ )" K> .
3 < -] ‘:1‘,1/!_) "!,-l-.“"fj“f_'.-W{' A \
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M vl B S Lompad/ , We *fno{ an (arﬂe, €ﬂ0bljh SPhgr@ sit szgr)
Containing S and decreasing r wntfnumsij
Assume that pis the 15 point in §0 §°r)
3 a reﬂ»{ﬁar curve o2 I — 50N 52”)

(k) ’
d(0)=P , & (0)-V
on = _3, (%)
Nomal Sectd0D ~ span i{'ﬂmj 3-3.,.(5/
v 1&‘ :3"':%,: L n :l'u‘,k y i }}} {_.” % % .- u} Cr ) B! e
; 4 f-l’ ‘ ) | :]l}h i
2 Yoy Bt Kn= E"'F: 70 7 [
sn)

-1 —

" The rf%ﬁdﬁ*{‘j of the sphere
Thmz Let S be a compacl , connecte ._[e,g_i,@r_surfclc& with constant
Gauss CurvatWre . Then S is cphere . '

Lemmat Let S be (orl‘ented)reju[qr surface and peS & k2 are principle
wrvatures of S (fit) 2 £2(1))

S SauiSTYIng the -}oﬂﬂw'l‘nj condiAons :
® Kp) 70, peS

® 4cp) has o Local Marimum at p.
® k.(p) has a Local Minimam at p.

Then p is an ambLead point oF S (i€ ficp) = kacp))
ptod Thm 1849, H . dlebmann 5% proved

909, 0. HUlbert
v (949, S5 Chern

Since S 14 compact and Kz const., kika=C For c30.
Ipe s, KLp)?OOQBj Thm1 )

By the wmpactness propertyf , there iy continuous Juncidol
% on'S and its maximam 0(CUrS. at P

(' compact ,31-01910 Maximam )
@



%2 = "ﬁLT 'S dearmsfﬂj Sunctfon of £

ke has %/?obaﬂ mfné};mum ot P -

By Lemma, P 15 an ambilicall point  ficp)=kacp)
Given any 465, ki(§) 2 k() (ﬁ,,mx lecot’/)

-Pz = ml‘n ‘Epld"

il(—P)Z ﬁ'(?}) Zﬁz(%)Zﬁ:—(f’} =f1ep)( Hj Lemma, J
minimam ant

maxfmumpol‘nb

> kgl fzf%_) ¥ %95
', S s covered by ambMical points
M: (422} Pro?-
S 7 contained in & Sphere of a(plane,
' Kep) 70 e S s contgined M & Sphere
S s a cmpact surface
f S0 closed in &
0§ isaregalar surface [ S8 opeh in g2
By def of regular surface S diffeo.

[o7

. 2
v 8% connected , SE s* s both open and closed in %
Bvcol e [ Aavance .i c u’L,(f '!./‘f wi

TR

Hnmf-;mrj‘( ' (jeﬁff;"iu bmann /;'
S 5 (Lfn'l}::u"i / !L-ni‘.(fi{'(,( 51“{5'-(-(’ fjlnci ‘ﬂ(;o eve‘)-;y{,-‘.r'ufi)'

Sappose that mean curvatdr€ g = const. =

then S s sphere P



Ml&‘/ai/w?
8*31}16 Lc:npu{t{,nﬂﬂﬂ Frf}‘-f_ﬁj-f_’{_-j , Lhere (s cont. “i-.t” f(! on S ‘,md has a max ¢ C‘l{}.

focall max = ﬂ_([}b-f&ﬁ max (\' compatt)

' Mean curvature H- é (kitk2 ) = (ronste)nl k= 2¢- ki

Mo hag a c}.ﬁo'ﬂf& min €3 at p

By Lemma , P s an ambikicald point . %,¢p) = ta0p)

Given any e S ki zkCq) > kip)zkicy) 2 facg) 2 Fp=Frp)
’J_ff. f\.'q_!p max

7 Everj print oF S 15 an umbilicall point

Mﬁmﬂﬂ.: reqular surface — irrﬂ_{*-.] ﬂllp’f-.

Cn N{:(UEO’UJ - {et pe S/ p=(00/,0) and N=(0s0:1)
Ly (o )= gLv ) orma,ﬂ. vetor a
AW v 2:2(0:1:0) 5 P
X(uo) p=(os0s0) €12 (1,0,0) and €2=(9[,0) Are the Pr(mﬁpﬂ_e
WA
e1=(1/0/0) directtons at p.

S 15 a reqular surface (BY propie 2-2)

Around p, Sis docally the graph of a differentinble function h .
fet X (wV) be sucha Fmrametrfzau“un given bY

X (V) = (V) hewrv))

X (010) % (0,0,0)Z P, U0/ 20, h(0/0)Z0 -
V(o)=0

Xu= [IJUJﬂd)
Xv= (o,l;hv)

Xulz¢1= (1,0,0) 2Hu(0/0)=0
)(u'; 2= (0,1,0) 2 hv(0os0) =0-
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E:(Xu&:Xu{?:Hhu\l EJDFi e=<N, iz - },u
Ji+ huhv
F'—'<x“*'*x‘/7"'hdhv' F‘DZD j"—"(N; hMV?:_}:\-,--,: i
.\I‘g*b»-.’-::.-”
G =< Xvikv 7 = |[thv Glo=2 g=¢ N2 hov
X ) JrihathV
AXv - =hv. 'l
N':'Xu :.___________{hn‘h : G{N{: (* 0 huy 0
il g T el ] ; a
2
eq-7§ .
E __3__ = U.Voare princlfle directions.

’Eﬁ'? hu\f(ﬂfo):f} hw(u;o):'ﬁltp)
hvu (0/0)=0 hua (0202 = Fatp)

carve
Define o (u) = X (us0) the '"1@38 of lsf cootdinate funtion u.

curve
a(w x tosV) the Tmage of 2" oordinate 4ungipn Ve

Xu (02V)
Let G, (V)= .LC—E-—_-:'::" where Xu (0,V) € -Em--)fS)

lxu(wv}l

Q (d) -ILX—M: whgre X 1 0 £
IEV_(E_JL)J; v (U )6’ Tl{u)( )

Both are wnit vectorsS
hM

—

2 huu | l
I- = [ - —— S R 2 =
sv) (qi(v)) =e(u’) —— fm(mv) |_ ) ((’mu’m’) ( mm‘J

(Tptdr= e t2fav)+40v)" i as fuu'tivv”)
= :———hlu"/—
Fa(“\/) ]Ip(:w (ﬁu{f)) m (I*hq ){_E;V)

hvy !
2 (W)= u L !
01+ Taw ()« g ooty (o) (o)
A e = Tpew) (G10V) | \ep = Ty er) =g,0p)
Fa) |z = Laqw [q:(“})JU:‘]:IP (e2)=Fa2(p)
: ]Z,('v)‘:ﬁf? (€)= £, P/ ;(ﬂocqﬂ Max at P) 2 Zpw) (41 v)) = F:Cv‘%

e e
FI(V}IV=OZ Fl{”) r 0 Fj .QO(CLQ MGX '}OIFI
Fa fl“]uso = Tplea)=k, tp)f focal min ) < ]Iam)(é,,w))"—’ﬁ(u)

oib Fafu”ugo £F; (q) NNE ﬁo(qf min {Uf FJ-




In pardadar, Tz”co);oj ® 2018/03/ 1%
Fi'to) 20

hvv
Fatw)= W (1+hv?) [ﬂfﬂ)

cihuhi  BOV hvv it | ]+[__

= — i 2 . 2 » 3 - SIS e S L

[(uh\”: | +hu'th J*hhhu‘éhv’ [+hv 2 [itnieny [ hv?
o ® ®

, 2huhuws 2hv hvi th

@’, e 0

3 ha (0s0)=0
@‘fie- hvv hau [MD_) ( hv (029)=D )
hwv(os)=0

@’[uﬁb 2 ’1‘4’\’ huﬂ
Zibi

< o IVt='b = = hwy (huuhut‘() +hyvhau (us0) lu-.-.p .

o= hoy (hwwhan )+ hyypuu (400 uzp 20
By the similar argument » we have Fov) vep = Fi @) :‘[-huufhvvhuv)Jrkwa
Fto>z 02 FR'co) toe?)
F"0) - Fi'o)y 2o
F2"0)-F"0)= haw (hwwhvv )= hov (hawhad ) = huwhvy (hvy-hws) (070) 20
> tiprfacp) [ Batp)-Ficp) 20
kep) (kacp)-taep)) 20
¢ Kp)20 and fi(p) = maxZp (1) 2 Fap ) =min Lp(d’)
Sttt 9 4 Bp)<fatp)
P 5 an umbical POt

$is called ovadoids it 5 IS compact,, comected With positAVe Gauss Carvatile
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Y Vector Fields (Hwe 2.22.12)

Def : < IR® open Subset

A vector $idd s a map wi U R™ which can be thought of as an
assignment of a vector to each peU

wp) = (aguV), bearv)
@~ ot 7

witb) 75 tangent 0 S .. wet) 75 lled tangent vectorfield @
Wit 75 orehogonall 10§ Wit is called normal vectorfield . ©

on circle.
14 we write (wv) e Us and WlaiV)= (aquv) bL4V))

then w 75 differentiable ve(,mrqtrdid it @
both auV)and b(wiV) are ditferentiable,
(<®)

From now oh A vector ‘HUUU are

assumed +o he differentinbLe .

A tmjat’w’j of a vector fredd w pasSMj Johrﬂtgh a point (%a;‘}o)

Det
'S differentiable curve «(t)= (I_L‘t):‘&ﬁ‘t/) (s T2 U}
L) = (£00), 4(%) = Xor %o and wi1) = w (xet) Y t9) 2w (dew)
Q: Given w, (94 st a'=w
Example :9Take w= (x:y)
o} w pMSl’nt} thrm}h

{(t)= (Xoe®, %o™ ) 15 a tragectory
(XorYo) , &'0)= (xoeY, v}oe’”)
o (4) 78 o Straight Aine

Ow= (%) 134t A7) = walt) )
’Lin.'\glu. ’
rsint , reost ), te IR R tm\]eml"jr o W thrmg_h

o (1) = (
(rust, -rsint)

(%o4o) @ s
- [’_L};‘X}J



In generals i3 W) = (A(%4)s bexy) ) is o vector Fidd and if
oA () (ct), %(t}) P50 traﬁec-(:nrj w W thruvlgh (10,10) , then
OE x’(t),ll}’ct)) z W)= (a(my) buy))
X'tt) = a(xt) /%)
4t) = b (xet), '30))
Xo)= X
jo=
. By ODE , 3! Sefurdon n®

For example @ For example ©

x;:‘}
x'= X il g
=4 rjﬁ?:x 4 =X K= 42 A
v ]
SRy X(s)= Xa
(0) =
¢ 4 '}Ln):‘&

Thmt i Let w be a vector s2edd i an open domain USIK.
Given peU 3 a ’cm\]‘etborﬁ, o210 of W with Aw)=p.
This trajectary S uniguUe n the &oﬂ,@owrrﬂ sense
14 8:T > U ;s anothef trajectdry of w passing through f -
then 3{:__:_@ onIn].

P

Thmz: Let w be a vector §iedd on U. For eachpe U, 3 a Nbhd V o p.
an interval I and o2 IxV = U st
® For a Fixed %e V , the cwrve (%,—b} s QA tra\]ecur? thmugh %

{ & (4i0)7%

3d (gt)

T —W{d(%!t))

© « s differentiabfe map on JxV.

Fact s such # 1 catted o Local low of w at P
(an {nte_filmﬁ curve of Tﬂ«njeﬂt vector {'HJQC{)

:
veter;

" Hurew!c2 ::.O_E

—— e



5 3-1 Ruled Surface
(Surface is covered by afl strarght {ines )

1
l

Def: A one parame ter {aml‘ﬂj of (straight) Lines 5 dm,wmj it (orre$pondente,

that as$igns 0 each teI1 , a point A(t) € IR? and A vectwr wit) €1R?
WW)40 st both x(t) and wit) are differenfiable ont.

A one parameter J‘am;‘,ﬂﬁ_ Aines in ij 3,;‘-.,*35

wt)
i i Paramﬁ,rl‘é{f‘ﬁ( surfa [X (t)v ) =d(t)+ VW (t)
X )
ujol‘l

pass

i called a raled surface

The Line$ |4 = dt) yyw(t) i the rled surface are called the
(RiAvh)

twding and dct) 75 called directrix

Examplel: plane: &(8)=(1/0)
W) = (orl)

X(tv) = det) VW) o (4,0)4 yeon) = (w) , tel
velk

Exampgez: cglinders dct)=z (050, sinct) 40 )
W)= (0,0, 1)
Xv) = 4 )+ VvV Wt)

= (costy sinty V)

M A
1

Example3: (ones
Act) <P (Plane) and the ruﬁrngs oJA pass throujh a jl‘\/&!]

Pofﬂt o & IP

3

l
peint direction

I



Example4 :  Take a circfe = i”"ﬁ} l )i;-rlcl[l:’j
parametrized o (t)= (wstssint,0)
wit)= &'(4) 1€ 852 (00,1 )
The ruled Surface , X(t,v)= Att)rv(d’ttnéy

Ntt_)ﬂd{(tHEj‘ of W (t) T 't)te,
X (1) = (cost-ysint, Sint Vet Vj
AAAAAAAAANA A AN v

X (4/V) Yev) 2 V)
hy perbo Lo1 d X (V) ‘jz(‘w V)= |+ 2t V)

Ruled Sarface

i At) - W{A’,)J
b $
point vecto)

X(tv) = dcy) +VW(E), VEIR
tel

Lines Lt = d(t)r y (wit) r“'ll.njg
d (t): direcanX

o P

) c,jﬂmder

@ Cone

O qut)= (wsts 5ints0)

wie)= a'(k) 13 s ey= Loonl)
w)z-d'(v) 1 ¢3

Y(wv) = dt) tvw(t)

Ayperbr ford of revolueio has two Sets of rules

i



{ () = d) e (dE))V if W) =d'tt)

Not regqular sarface

IR\ 45K

HJD E -{ij'f}sﬁé_ <bu,ri.-’v'}‘ ‘5[
3

2
| Wit ‘ 5[

In ordey w0 develop the theord, we need assume that w'ct) 40/ M

O . ————————

nongydindrical
W
Find & good the diretrix gct)  <p’w'> =0
on a ruled surface y(tsu), g & Xctau).

By = det)+ uwet) For some read Fanction U
/ /
3“)""‘“*““"“*“”}&) 4 po Bk EACE) -

0= <plty, Wet) > (w'et) |
5 lza 4 / wiet)”
- <"w jvw Bty 18 (q}UZeo{ Yhe M
Z caltt), wik) 7+ u|wi) | StHAON The points of £
LU = -<dt), W) 7 (,anc-roﬂ Eci'rﬁ: _
(i ? — ol e ;
[wiety | "

e chofce oF o(t)

¢dlt), W)z

* Show that ¢ 1 independent oF Vh

7 ALreHN iX
X(tv) = k(1) t ww(it)
o i e S Rt e

let LY be another Airevri X o} X (4sV)

()
"B = dct) - i
\ | Wit |

Xyv) = g (e)rawet) =@
(g’;vv'f7
ol Sl
= iw.f|]-
HcPQ i ) ~gLt)_ p (AW )

B(t) = &(t) - 7

/ -‘)‘t/',
ed 'tV WL g

> 4

P

are



15 we write the radels surface wsrnj vhe fine o strictjon as a
Airetrix -
X (tsV) = pet)tvwct)
{Xt =B14) + VW)
Xv = w(t)
XeAXy = (B 4VW ) AW = g/AW + v W W
2 AWV wWAW

Wt w)

pr,axvj h fawwwnwl : '
z AWl +3/\<W;V/W4W7 +V IW’AW}

-
AAAAAAr IS

= (2 w?

Hence the Surface 1% re,ju.ﬂar iff | XtaXv] 30
| either A40 or A %0

I Xeaxv)?z (M%) |w/)>
Y P’AW=-' Aw’

CBAw, Wr = Aew w s AW
N )\:

<ﬂ'nw;w'7 L (87wew)
|W'|* Jw’| >

Next, Compdte Gauss Cuvathre of S at s regular points .
X (V)= Bt)r vwt) 5 a pammew:‘zm‘vn of S.

Xtz g'tvw’ , Xt = p"_,.vw”
Xv=w » Xvv =0, Xty = w’

Xe A XV aw e vwaw
-

N:
[ % A Xv] [XtAXv ]
eq-§?
K.‘: --...?__...---
By F*
eoo Xyv=0 ;ﬂ- 2Xvys N> =20 A!wvz
- . L— ) AW WQ\W7 -
3‘-<anv7-|x”m Wiramt T opkeaxv]



2 1o
o 2 n4
T ezl bl )

a - 2 22 ! ! K': 2 2
AV W) vy w')t Xi%s

oK

\

also IK[ has maximumM yafue at v=0 i we restricted on
gach ruﬂl'rlg,-

- - / / 7/ /
fop— L A0 e QRSB o SENWE
and v#0 [ W' w!|*

Y00

(7 ,
: _Df—_{'_fﬂ alwejlopabﬂe Surface 74 a raled surface ¥ (/,w,W)=p

E_.@gi_m__: developable surfaw has Gauss Curvatre 0 at regvllﬂr points,

+ i "L 0 riAYuatW e 7 s T ¥y L4244 b
F_—B =z g""/-'":?’.']'lll_:.‘] it pil ( ATVA U = 4 ,'f-r,: ’ﬂj} ,‘._:Im'\

j - 1 o B P
1 P ! }: 4 -

’ P 136
d 1P KL =

X V) = dy) tvwit)

= Atv =w’
Xt =’ tyw’ XV =wlit) Xt-t=d"'4-ud"
Avv=p
- 2 ,
/
kx g 3§ e ow, Wi,
|Xe AN |

— (d,, W;W/)

{_

xv) Vameration =0 py def o developable surface.
[ Xt A to

Cased & o 75 & Line of striction.(it.<a’,w'7=0)
KAW = At) w/ct)
hobe A w20 s K0 onﬂj achleve at Act)=0
Case2 : of 14 any diretrix- o,
Nameration of £ = cw’, «'Awrvwaw > = <wW” , KAWZ

i§ S s developable f=0 = K=0 .




>018/0%)22
Xv) zdct)+ vwit) , jw)=| ,w'#0 -
ﬁct):ifne, of Striction <B’,w'z7 =0
Bty = ety — $8W7

distributiol) parametel of raled surfact.

Deveﬂopabﬂ,& surface (o(’;vdewf) =0
Kps= 0 at rejuﬂar points.
Two subclasseS of developable surface

casel: Hwnw/:o vt , Jwl=1, cw,w/z=z0 wW'=0
? w:wnst.

LS s cudinder over & curveé obtained by rnte,rsewinj S with

the plane normal to wW(t):

Case2? 17 WAW'$0 , w0 Vi

Hene S 14 4 mncg.ﬂmdncaﬂ 3 pct) :fing of strictfon.
<p’,w > =0.
By Frgwoltsdj arjumwb

/ /.
T T P =

= d(t
ﬁ(.‘t) ) - —W jw;'z-
’ /
B'(4) = &'ct) - <o(;W7} - <°‘fW'7; ol
et _JWI |w']
g . , r P
rﬁ_;sz* )~C = <a’,w,w; (rg,W'/W' _):O

|w']*
recall: ¥ (mv) = fe¥) + VW)
X s anjwﬁar rtf A=0 a_ﬂ_nj V?D-l
& For developable surfact , the whole Aine of Striction
are singular points.




uwnder wAw’#0 .

I If Bit) 40 Vi 1<9‘3w’7=°

, w//p’
<CwWow' 2 20

Rv)z Bt VO plE) = LT Blt)

' S S the tanqent Surface of P

Tp I Bt)=0 v+

X(V) = (V) VWIY) 5 B = const, = bo
namely

/ 7
bo
Bet) = dct)— % 7 wey
’wila.
A g

Xt V)= bﬂf( v w
[wl ):

S S s acone with vertex be

Henc dﬁu&ﬂopabﬂ,ﬁ surfawe 5 a PI‘U,?_ of -tanﬁ,wt 5"-“’)(“-02, ,c';,lf?ndt»!’.
or cone ¢
The cylinder and cone are ruded sarface & developa bge
surface + But the j&ne,ral hjporboh‘od 0¥ one sheet ¢ not.
(% it 1 Locally raled sarface but (ﬂI;NJWi):?O)
The e"\ftﬂvpabﬁe of the -}aqr‘fj ot Tﬁnjeﬂt planes alo nj a CUrve
vf SWrfAR
i.¢ the surface 14 obtav bj Langent p(ans, afon wrve iy
the Surface

Note :

EAamEEQ ooon 51
3> sphele

> dct) curvd
)

Is eéaat&

cone



14 ayis a paraflel of 4 sphere 5%, the envelop of tangent

planes of o afﬂnj X 0 né
) Cj&f"l'.er I‘j‘ A = J- %U.d't/ﬂr
i (,Dner Dlu} ﬁrw‘?/g O{I’Sz

"3k

Let$ be a r&juﬂdf sarfacR , and d(s) be a rejuur carve ( bj

arc-Length ;e |dlcs))= 1)

Assume &' 1% never an asy mpotC directyon (ire L (4)*0, normmp.'
carvatire doesnot vanish)

Congrder the l’ﬂj‘d S“rjf.‘w ,
XL51v)e L (s)+ v (wW(s))=dls)4V

NSIANCx )
M5

wWher (V(S) = A ﬂ”’m“ﬁ vectof Man-j the owrve«
o a'is not Mj’"P*«"“‘f direction
T (A) Ao deU"‘}“))) 5 dN(41s))40 .

\

f”f'—‘-l:(h/f"\’"?-;b.
M 1l the p'ﬁlﬂ% SP’\““{’/J bﬂf’\f ik /U;

Inte,r?l’ﬂ‘tﬂ\"f/rﬂn, i:{” (S }} i a couectf‘on f/Q,ILSGﬂ'L

planes in Kt S along &
. N(5*E)

ﬂm,)f&)

Ta(s)(9)

)
Tee»» (3)0 Tagsee) °) 5 o Line J/ N IRV HE)

NESIA M (84S )
€20 9 ﬂ-‘m // 3




Qim Nes)aNste) . Aim NesH)aEN(ste)-N(S) p
€20 ——-—-—‘;'—‘ —i"o S j :NCS)MVcSJ

e

Consider the ruled surface
D\ LS;V) ACS)tvwes) =d(s) v M

\w'es) |

where NGO = a normal vector alonj the curve &
]Nl:’.I
Now we want 40 check this surface 7% developable surfact
S oNeed (47w wW)=0 4
/
wis) N“":‘NT‘) s (Wﬂs)][ﬂwhNcs)wcs),uv"gg)]
IN’CS)
-V V') (Wué)}) ) / JVs) )

/ ) A / s / 'é {Njﬁ:/"‘ry
(<N,N72j: -<N N> ,

\ H j

e Show X T4 rejuiﬂtr in Nbhd oF 0 and 1t 1% tanjent t S
(v small )

X (s:V)= &(s)+ VW)
,\/AN
« w( )

Xs=o ¢tvw =

Xv =w (5) T%;I;' L ANBAC = ¢ A, COB-

XsAXy = NS WN’”’NQM Bt A
IN’) vl

AsAXv i/ N w0 §

7 8 envdop surfacl (s +he -tanjenf oj' _5 narm‘;f w:.fva.:(,um
1 v=0s sty = M AN gnvalw IK N ~%aV
/ s = —F
2 V7] IV IV

', requ Lav



2018,0%,28
Ee_cf.‘_.ﬂi-: Deuef-opabﬂe, surface
® O warwsx0
14 8’40, <8, w7 =0
(8, w,w')z09 (g, w,w) =0
AW, Wrz0 , W plane span bj uu}amdﬂ/

Jw) z] 3 <w, w7 20 sw/p’

NI 1 ?-cun/? 0

Q@
narma}: ta nj@ﬂt

(n'1?) "= (<n) N?)-<N;V7 0-
Tanj tnﬂ_jeﬂt Nors. {anq et -

N(S) A NTS)
;N’(s;]

X (V)= g (4)+ Vv
© x s reqular
T(s') %0, normal carvaturé

IS de L-"&EL-ML: e sur f ol
]

O Ca’iw,w’)=0
nw. check K=0 on w.jdar points .

® Muwnd Surface

. Det: b reqular surface S €IR% 7S minimal if each parametrization
o itS meah carvature is 0,

& = p

®

. »;}Ff E

® zCEq F)

® ¢

- 'f(l"'fz
H= —



2018103,2§
Taterpretataon of m:‘n,tmaﬂx)tg:
Hz0 3 fi=-F2

& =L

AAR))= [f (Eg-F ) dudv

s R N = normad vectoy
' Let $:U->S he 4 parametrization @
v}5- peu, 0 =closurof p

S 4:p >R 5 differentiapLe
The normal variation of x (P) determined b/ o
hsamap.

‘f=5¥(-'i,£)-?|ﬁ3
(wvit) =2 X(wv)f th(hv) N(wy )

gV b )= X (WY Eh ) NIDY)
14 he |y move Tt to normal 4irectsdn.

T4 x|, move it via B @ Vormal direction |

Foreach Fix t ¢ (-E,Z)
At (wy) = @ (uiv,t)

Xt“'-'- Xu +thuN t thNu
Atv = Ave theN ++hNv

| AD
Et= <Xtm7\tu\ 5= <X AU *zth“ (N, X¥u 7+ th <NupXu?

1 %hwa N .y 4 fhz Nu* + £ hhatVVu>

1

<L



}foroiazf
2 < Yusduz+2th Yu,Ny2 OC‘b’)

0t =t (h*<Nu,Naz s ha )

o ﬂ.m t?
s, o

F¥=<xnt,xut 2= Erathg Xu;/t/u?* 0(t%)

1APS TN o F+ht<Nu,X¢)+hf<Nv Xy> + 02 (t)

where 0, (¢) - -t 4 <wa?+huhv)

4 - <xvt Kvts = g ragh < XvXv 210547

z 03({(3): _tz( h3< v, XV7 “'l‘l\/ hV)

gte b -2ht€

> F-ahtd

t 2 quhtj-
2 _ 2

L Flats FU= (B-ohte) (g-2hg )-( F-2htf)
“Eq-F-ath (Eq-3fFrge ) + (bt (29e-4hF))

C 04t

Etq=F" 2 Eq-F —aht (Ey-sfp+Ge )

M { Ey-F )
H M - I(Ee;ﬂf‘) ( F4th H /
»Eq -F°

t =
Hence the areq of X%D)’ A(x (D))

2 4 2 1
Akteh))=3) CEretoFt )3 dudv 2 [ (Bg-F)* (1-#tht] )y
- D
D



2008,03,28
minimal 2 erﬁ\ﬂﬂﬂ PDM‘t
d ALXt(D) e -2
ABCOD| . =) 4 (R (1rarhn ) A0 .
P

c- [ shr(Eg-F)® ([-4¢hH )’
£ (A05) [0 JJHﬁ £G-F")% dudv _gg
S s minimal F H=0-

d
RRC"):O-

120 -

W "
Fixed boundary

So if X s minimal paramevrizatfon of S .
H=0 = critical point of (H('ﬁ))

¢ &))" v

prop. Let X: U= R? be. a reqular parametrization surface and Let
DCO a bdd domain in (), Then X 1% & minimal 1§ p’0) 0

For all such  and all nermdd variatvion i of X(0).



;nt8.03.21
X:pey =2 1RE
hip - R
Y:px(e2) 2 iR
QL) = X V) peh V()

v

q thN
DI !
thN

a'co)z 0 Tf H=0
ué") o H"[t) lt:U: —'JJ‘ J‘ﬂH ( ‘Eq_]:z)i AudV 1H’(0}')’0
P

w n

3¢ st H#D , choose = Hy

p'= - 3921 (BG-F)* dudy
p

ﬂ’[ 0)< 0

H,o;ﬁﬁ(n(xtm);o M

S minimad surfae if H=0.

Def : A w arametrizatvoll surface is isothermad 1T

CXus X 7 2 <K Xv, Xv7 g
<Yu,Avyz 20 F=0
where X: U - lR’ parametrfz atiofl

(recall p78 X s 4iff,
dxgq ¢ I



T . —r—=
M.'.’l. Let X (wV) bea reau.ﬂar pammetnzaﬂvn surface , Assume

X 15 o therma .
Then 84X = uuvv =apn "f where A%z <A X7 2 LXv, Xv.7
R\Ldpla.claﬂ) (zk= (U

=N 1¢ caled mear corvatarg Vel

v S prmaf vector
mean
wmwfe

Fu=Gu & Lhu, M2 n= Xy, XV> y
v
2 Xuu’? Xu > < Xv  Xvu 7 N,
Eveqv& ug X7y =48 Xv W7 oy '

(v Xuz = < hw, Xvz g

]:’U;'Fb{='<7(u.,-x""lk :?(Xuvl,'?(v’) :-I<XU‘;-XV"}'7 ..__.—@

Fvzdxuhvry 2 <hav, XV7 = =<Xu XynZ

SHadh XU 2 = <xv,Xvu7‘; NS TR ASAPS E17Y L
T

@ @

9 < ax,X4?E0 i Awl X4

Z vV )("7?()(\,1\.‘;)(-&) z *()(WMX'J7

®

< NudtXvvy a7 <0

G

R e

Losky N
H = 9'61'2'5-]:*3?
2(FgF
DX 7Y isothermad t-4.%70

EE-PE ¢0
E = L ;", 346 fzgd

= -

2f * 2 E




2018.03,29
On vhe other hand , qt€ = < Xw, N 74 cXuu, N7

2z <X S, N>

E;q = }\‘
<aX N7 =22H

y ) 2 f
|6X) = ;,{],1 . <4XsN 7i’\f T 2ANHN
&X: )_)' H

: : -t l‘ ‘ed At = ﬁ 32
Det: §:U ¢ R® = IR is defined by af = 2% *Tgf? ¥ y)eU
Fis harmoni ¢ i O iF 2f=0.
Cor: Let X (u/) = (X(WV) , Yav), 2(wiV)) be a parametrized
] Fun

porAINate dion
surfag and X be fsothermal itf Tts coordinate functfons

X-"a'ri' are harmonic. then X 13 minimal

C BX = IN | ¢b sXeo iff ax.ofie?

1760 Lasranje
1850 plateau ; For each closed curve f £ I&
3 a reqalar surface S of minimal area with o s

bmndarj

1930 ijhs & Rado’ catenord: X(d:V) = (a (05 h ¥ osu, A oshvsind 2Y)

surface of ¢ Vofution

. Catenoid. X ediv) - . ) "
1776 Meusniel <luﬁ£co£d )= (fv)osd, oy g 29

183§ ScherK (p07) or,

0sserman

Example : Hedicord

X(wv)= (asinhveos s asinhvsinu , a4 )
0<U< L , ~R<CV<



X rditf, dXq: 1]
cheek X 75 mimimal surface

O X is jsothermal E-g. 720

® ax=0

A%so
2320

Xu = (-asinhvsid , oLanhl/wal;A)
Xv = (& Coshvcoshk , Awshvsink 0 )
Xud = (-asinhvosM ~asinhysinu 10)
Xuvz (-awshvsind awshviosu s 0 )
XV = (-Rsinhvosd s -Asinhveind ;0)

Ezdxu,xar = a2 ( sinhvei ) = Koshv
Gz <XV/XV 7 = a’ withy = E '
F:<><uu)§v7$o.

i isothermal

1Y

Yuu 4 Xvv =0
Yud tY vV 70 cordinate funcedofS are harmonic

ZuvdtIw =0 -

Btd cor @ X 15 mfnfma,f surface

Example . Helicoid

X (wV) = (ks Vs L(anV;bV) p<Uc<2ll , 0 <V <KX

\HW )



Ennepet’s mintad surface
Xd = 6___“2“/.2} V., gd )
Xv= (2w, |-vid*, -2V )
Xuu= (-24 ,;v,:)

XaVM= (av,24,0)

Xvv = {;14_,—.‘1‘.«’,«.‘:‘,3

= _ el aviaV - 44V

{1V 2 v

or & heldwodd .

Xctv)

( Compact Sui fdce S, 3 pes /|

H=0 f—'—?‘—% 3 fi==%2 3 Ketiks =-%. <0.

3 3
Example: X(wiV)= (u- 5;_ v v«l"; i, v’

E-= ( I-u4 Fz)lz, 4,-4:\,;:_, e
2 2 2 ad )
= L{"w"}r +mv2+m, ”V{, ( utVsl )
3 2 | 3. V=0
g-F , F = wi-mv V3 4 yy s uv-uy 2V =0
> isothermal

Xuy t Xyv=0

' YuutYvv=0

Zuut dwv=0

.p_r_ﬂ.rL:Gan minimal surface of revolutdon S 74 an open subset
bf a plane or a catenord .

X(uv) = (Fev) wsu, fuv) Sinu, j(w_)
° hny raled minimal surfae T5 an open subset of & phant

dit)+ VW)

Theorem : There i no minimal surfae which can be a compact set,

| : )
l. i ::' \ _“, i__ 4

. The mtrinsic Geometly of surface

D Length of curve
area

angle

[T 5



Tsometries
Def : p diffeomorphism ¢; § - S 15 an Bome-trj i} ¥ peS and Jor
Ml w, w26 Tpls), we havl <w, Wa7p = ¢ dtPerr).dgﬂp(w,)y.Pp
;rdqvpcw:.;
L [

f Tpts) d¢

s
the surface s and g are sard t0 be ometric e lp(w)= Iw)dqﬂgw

VWETpS) , e wyslz ,<w,w >p =< ddp (), d€p(W) 7 Yip)
Weol? a4
— —
d(oi? 4
® 3

Def : Hmap g: Vo3 o} a Nbhd V of P€'5 i a focal ‘\50*’"“‘{? at
pifanbhdy of 0(p) of T 5 V2T i¥ Tsomery.

Sand S are called docal Tsometric.

Cjﬂfﬂder X(UI:V):([GSU[J sin V') i M&[aa‘?“’)
ve IR
Xu=(-sind, wsd 0 ) , E =1, F,o,gfjr

Xv 2 tosbrt S /
plane ¢ @ 3= X(usv)- potdwit V2 (u:V)€IR
A plane is passing thrvugh Po & con‘fafﬂl'ﬂfj or'{-hjanqﬂ Vettor§
Wy, Wz, |wi]=].|wz) =]
Xu= W §=<X—u:3(_q75'

-

Xvzwa F=z0
4!

025, U= (o2 )xIR S R*
3

o o o o o o o o e oooooaahh a6 6



= :
(=] shrank= € cyfinder

S
¥
™~ is not homomorph iz

{Bshrunﬁ th A Ft-fﬂ’é
at
i } P

Tdead : Any simple Josed curve in IP (FI“"Q) can be shrank
Lonu"nuods,ﬂj intoa point without ﬂeavl'nj the plane .

But a parallel of cyLinder does not have this Propp/r-{',j.
i the cdiindar s J-M‘lﬂj rsometric to |R*.

Example: Byery nellwid is Lo clly Tsometric o catenoid

X(uv) = (asinhycosd, asmhysind, au) . uecoyzn), ve IR

helbcod E= A'cos’hV . F=0, G= atosy
X (wv)=(awshV/wsy, acoshvsind, 0”/) , WELO0s2IL), ve IR

Jv) Fiv) 9¢v)
Yul = [”qtof hVSrrIUl ) qtb_s hV Cosu/ 0)
Xvz (Qsinhveosu , asinhysind a)

E - a?oszhv 7 f:,-a, @‘l: azlrﬂsfn’hv: qzwfzhv

prop:let Sand 3 pe two reqular surface . Assume the parametrization
X:U =2 S and :
X: =5 ¥ E=E, F=Fand g=4in U iff themap §:Xw)>3
YN ,roaﬂj isometry.

: T } ¢=%oxT

—_—

[y

Xl



SAd o), d Yot} > =<'-'f_(-,-,¥--;'--.
let o pe a curve in U , d:1->() = <Xy ' X {7 Wy 2 < X, Xy 7wy
K= (uct), Vit)) E-F
=p, 4 w= Xuu'+ 3
X(dw))=p it (X(“U))Itw WA FXv Y

X))oy = Fox™( xaews) )] gy

- 4 . = =
W)= ZOKC) )y = & (Rt)) [y = Fa d'+ TV
& VoY ,Qomﬂﬂj, rsomet[j_. :
& Lix))= dength of carve in S

L(Xcd))= dength of curve i3

X: 0235

X =doX:p=>3

X:1=>0 , I=[0,¢] :

L(X)= {* [Ew)tsFradivy+ g o] ag

:jf [E(qf)*rzf(vi')[v’) -t%[x/’)ji dt ———-@
=L (X ()

given (uo,Vo)
Look at (uottsVo) (4)=]

< v.f =N
u{‘t) v‘('t) ( ) G

in ® we have Jj(f)‘att =j:(ifdt
fim & pg 4 I N | = -
ket g fhighe s o)
Now, Look at [LLD;VHt) W’:G’VEI

— S

ueey  vet)
U, gde=Jlgdt 2 479
-ﬂWK at (Udott, VG'H}) »E;:f,L/'!:J
f (Eth)dt:j; (E42FT4 )dt > e F
E=%F

gug U 9 telly ey
F=7



] Cnn‘fﬁl’maﬂ
Def : A diffeomorphism ¢ :5—=>3 13 called a comformal map it ¥peS
and ¥ Vi, v, &Tpf.ﬁ) s We haye

<ddp (Vi), ddp (v 2o = Np) <VisVa2p where ¥ep) 15 a
howhere zero differential function on s .

— 4/,
Recallt g:5 — T difteomorphism . <V, 57 p = 2d,(h), ddp (V2 )2y
Vpes Vv vaeTp(s)
{ s fsometr
rf «dwpwn),d(?p(vz)ﬁ?) =NV Ve2p 240,050 —@
¢ % won formad map .
The surface S and 3 are said v be conformal (conformal eguivafent)
Svs, SivSa and S3A5, S $i1v53
Amap §:veS >3 of a Nbhd Vof p ¢S intd 7 (Nbhd of §p)) 7S
called focal conformal > J:vay umformaf —@® holds

v

_ <V,w> S 5
{ “ T ) -‘_f’_,

Fact : A wnfwmaﬂ map preserves the angle betweg) tWo tanﬁenf/
vectors .

[d9p(v) | d<d€pv), dprv) >

o le.S (,Oﬂ.]turmﬂﬂ = ]/\2::\(;%_7 :A 'V’

ws(n, )= <dgpv), dptva) 40, L N2

{_VI;VZ?

[d‘?p('v’:)‘ ld‘fp(ﬁ)] )\;]th"f’z, ) [vi) V2]

:C05(9

P It X: =S and X: 0> 3



E=A¢E 2,
F{F=xg For sme funion. X% U= R

then ¢ ;¢ a ﬁomﬂ wnfnrrﬂqﬁ map .
<ddp(v),d LPPw)-“AQv,V;P: N1p(VD
Theorem ; Any two rejuﬁa.r surface are wnformal.

Tdeal : Choose a 5peoiaﬂ Parametrization . For a Nbhd oF any point
of S. Bj isothermal Parametrizgation, i which the first

fandementad form . E’E]?A}, F=0.
IP=Plane , E'z'E;sj ; 'F;]
L.Bers § Remann Surface . p15-3§
Prop: 1f x:p =5 is conformal iff E=§.F=0 (X iisothermal )
¢ Besltqe o Faeo.
'S éﬁdaﬁ X 15 onformal
e’ e
£ preserves the angles
between Vi, V2
ViiVaeTp(s)

6059-'-LUSVL

=V Pr— VW > 5 =-<_dij,dx[u))>
p=w N x| Ldxw) |

Namely, d’=V= (w'®),vt))
7 7 (056 = e AT -
b= w= (), valt)) > MHWT (w3e)s (\m‘wat

1., 1
CVowos W’d?-/)‘ ive

d)((vr): Xy (m;) t Xv (‘vﬁ//}
dX%) = Xu (U2 )+ Xv (V)

7 /
tosn, = ()'u“l’*J(VVt/) Xuuy "')L{/‘L’Abf-}?

—_— WAV

(Eeu!yhaF (w0 G L4))3 (E ()% 2F ) (%) 1 (')
E(w) [u;f)-r & (V:"L’;f) +F ( “J'Vz/‘f Vi Irl/lz;}

=

—_—

e 12 ’ ’ ] i 1> / 12
CECUD)+2F (ur) (W) +g (v Jj"f E(uz) +2F(us) (Va)+§4(v2) )i

=
(W8
e o o o & o o a e aoeocooecoo oo e o



At (Lh('t)}\/lf.'b)) = (bt o, Vo ) = (tiv ) (if (uorvoy = Cord)
( u-’(tJ»‘fi(‘U)r- ( Yo, Vuft)z (o/t)

]
Uupl, Vr"so, u;:o, V‘.\.!C!
59595{,05(%):09(,05?'(/:*'5‘" ?2F=0-

Bt (k) Vict)) = (untt, Vott) = (tit)  Wi=1=
( Ua(t) , VJ.UZ)) = (ug+t;VO't) = ('bJ't) V;I:‘i p b(;’]

90:(,05)’{’:: E"i > ‘E,q
O

+Sterooqraphic Projection
MV (North point = (0071 )

Pitu;v,o)
SR FEyr) o XA
pgand N & strakght Line , 3t , §-N=t (p-N)
4 zN+¥(p-N)=(00/1) ’r:t((un/;a)-(wm)/
= (tu,tv,)-t) 687

FuY.2) = (wv,0) = (;z-»":"”)

11— &°

. e | e 4 +utv?
= (4w 1 im s o )

(tu)’+ (AV)+ (1-t)% =
P WV ) - (at)=0. £tz ——

[u’w
) 2 Y 2V ]-ru.w
Xt)z (=53 )i ay ) P KRS i)

SR 1} Gt 3 :
\ Il paramed ria2n I o B2 T Hs & A
L3 N Thctl4g sphae (374218 )



"“"t U v‘) s [2 (2000, -4V, 44 ]

(,u V) [ MV,afu—vu) +VJ
4

2 4 22
V) Fb3VEIOUT 4 (euFVD
- 3 oa R <x\4jXUl7
(lruv)t (H'bf-rV)

™
A\

et

F: ZXU, XvZ2 =0
Go<Rvxy sz IO B L0V | 4
(et (riery®

2 4

(1™’
_— 4/;5

M: oEverj rejuiar surface 1 iocaﬂfj wnformaf w0 the plane
¢flat F!ane/

# isothermal » €= F20.

v Hnj W0 reﬁdla.r surface are isothermal .

4-3 Gauss Tharem and egudtiofs of wrnpaf/fblﬁl‘:ﬁ
§ KuXv. M § formga pasiy for R?

2
IS {,df) =A _IIP( p))

$1¢ a regular surface in ik
at each point pe S

Xg:f_,__’, Xq‘fﬂfxv + LV

@ XKW:T’I; qur"; Xv 1 L;N

Xzl Xut S xv +Ly WV
)(vv:f’;ix“*r:;x\f 'PLQM
<N Xun 7 = L ('n'<N,X~{7:o,<M)W7’0’<N'””') %
{ N}de7;' L2= ‘J‘:L;-‘—‘ <N, Avd 7

(N Xvv7 = Lg=



