
 

Convolution and Causality
⼯

Ohm's law describes the linear relation between

Id T or the professional version FJĒ

I J

y Ē
I ⼆六 T T o É

response stimulus response stimulus

Skipping the vector notation the Ohmseaw is

丁 ⼆ 0 E What happens when the stimulus is

EM wave with non zero to Can we

just generalize the relation to

To 0 ⼼ Eco 0
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LTI linear time_invariant systems
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Basics for linear response theory

Elt Mt t
Ttjnnnnn time

x

Jlt 0化 t SEES dt
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translational symmetry in time

Mt t ⼆ 0 ttj

causality Htt 0 for t.to

txtt time It Nttj Eltsdt1 1 7 x
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convolution

Perform the Euro transform
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Convolution Theorem

Consider the following convolution integral

hlz fxfhjglz x dx

Ālk Éfzēffagcz x

Èffxifǎzgczxsē
Change variable u z x in the 2ndintegral

ÉKZ ēiklutx ēikx
ēikutik

Éfxnēikxfugajēiku
ĚÉ fk 5ㄍ EFFKJŌCK

Te convolution relation hlz ftgcz is

simple after Eurier trans Em ⼀

脈 IT fck Jk

depends on FT convention
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Dirac 8 function

Dirac introduced a rather
_divergent

singular fn Slt with
Zero

a bl the following properties
to

8化 q for tto_
8⼼ is NOT defined

fifty at

北 if OE Gb

O if 04 Gb

One can choose At I

fbsltjdt ⼆ ⼯ if OE Cab

Tat is to say the Dirac Station integrates to unity

Based on the integral form of definition one

can show the following identities for SE

Slt ft even function

tslt o annihilating sanction

Skt 前 slt lets prove it
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For so set t

ctftfctiscctfit Eflc 8的

Eflo ⼆点 fo 花 Ht dat

fit act ⼀点8⼼ at 0

Because ft is arbitrary Sat ⼆六 Sltl

For Cao

I Fctlsktldt ⼆ 六比 8的 Eat

Ef Sltidt Efo 台北

Just tear the same steps ⼀ ⼝ Sat 忐 at

The above result can be generalized
8 Ntl in sct.tn tn are zeros of hit

i.e h En ⼆ 0

I
sltt.lttz 8 ⼈⼼ ⼆

lltitzktit 1ftf t

tyi.tn 81 比 2
hltklttikttz ttj 2 1 23

I
Sltt

必杰怡均 1
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Calculus for the Dirac 8 function

Starting from the basis property

fjǎtflt 8化 fo 1為 fltlsltkflo SE

Note that the identity holds true cinside integral

Does it make any sense to write Sit at all
0

fflt S t dt fltlsfltyf_fffltlsltldt
fla

1爾 fltldtl fknsct ftjslt

On the other hand one can also introduce Me

Heaviside function Hcx unit step 不
x

Hlx Hcx 8 S d S
I

x

O dH
x

8 x

What is Ha then Hcx G
0

xoH⼼ ⼆点
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Dirac 8 function in Eerier Transform

For every inversible integral transform there

exists a form of the Diracffanction

fcx Éfǎkfkjeikx
⼆ Èfk Éfǚifcxjēèikx
⼆ fǎxfcn ÉIEK化

dk

acting like a sanction B

D scnx Éfǖeikaxi
Lets compute the Easier transform of SA

抓 Éfǎxscnē _ÈÉEÈ
It is quite interesting Hat 5k is constant in

the Eurier space 它
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Introduce a Gmiey of functions fckjn ui

Me Eurier space

䁫 n For_ K
毅⼼ Nhtz
轟 i look贰 flkjnj

邀 zero otherwise

Hxin È fdkeikx.tn
⼯ fncoskxjdk
È 全 sinaxrsincnx

sing
TX

As A goes To infinity 蕊 fckjn 5 K

⼀ ⼝ scx him Sinax
As x TX

NOTE Its easy to check that fgcxjnldx ⼆ ⼯
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Doubt_Slit Interferences revisited

fcy 8 y
n n

2b ⼯

Zac Y

yfcx8 x a 8 x a 8 y is the shape of

Stn denotes the locations
a single slit

of the two slits

hM ffslgcyslds.no
⼆ ff 8 Sta 8 S a 8 y S d S

g yta g y a
_________________

Ny From convolution theorem
2b

_z ĀCK ETFKJŌCK

1 1 y
Èzcosh È 2烮巡

2a
ĀKF 4cosckajsinckb

EK


