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Matrix

Linear operators can be represented by matrices

Alx 1 ⾔ Aijxj
⼆ Yi

Where the matrix presentation of A is

Aij eil A Ig
Note that the vectors can be presented as

bras kets

IX 共 ⼼ Ket column vector

化 1 E eilxi a bra row vector

Te inner product is formed by bra Ket

Cxly T T 光
⼀ Its complex它

brá ket ________

V Its also easy to see that
与

bracket Mx Eixi ⼆ cxlyi
inner product
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matrix algebra 它

不 e matrix algebra can be derived from Me

properties of linear operators

At Blj
⼆ Aij ⼗ Bij

八A Ij
⼆ 八 Aij

CAB ij
⼆ 吾 Aik Bkj

example rotations in 3D

z Rotate along Me Z axis by
i ⼼ angle 0 3
r n

Rzko Ū Ū
0 Y

L Te components satisfy the
x linear relations

y bcoso ⼀

Vysinolinsinotvyoso I 品焱光

VÉ ⼆ Vz
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One can represent Rf in matrix form

齗 管 戀 膨

Let us construct the matrix by rotating the
basis vectors ij i

Z
⼯ Apply Rza on is

a ososino i cosoitsinoj
Liii yaL L

x

⼀ ˋ ˊ ˋˊ ˋ
coso I

X

ij since o

o o⾦ 八 1
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Z
n 2 Apply Rza on Ì

al
2 i sinoitcosoj⼼

osoj y
L
x

r ˋ ˊ ˋˊ ˋ
我 sino

of⼆
coso I

o o

it
3 Apply Rza on K

K

K i K
了

L
x

ˊ ˊˋ ˊ ˋˊ ˋ
⽗ O O

Y o O

KÍ ⼯ ⼯
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Now that we learn how to construct Rzo
ˊ ˋ
oso sino.co

Rz ⼆

since cos O

O O ⼯

One can also write down Rx Ry
ˊ ⼯ o o ˋ

Rx ocoSQ s.no

o since coso

ˊ ˋ
coso o since

R ⼆ I Oy

since ooso

simplicity set all rotation angles ⼼芝 in

Rx Ry Rz operators
OO I 0 Īo

Ri 信器 Rif Ioj RifoojI O O O O ⼯
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Lets work out the commutator Rx Ry RxRy RyRx
O O O O I

RXR ⼆ 信器 0 ⼯ j zoo
I 00 0 20 I

il 斷 劑
濾

I oo

Its clear that 成Ryt RyRx SO Rx Ry 0

One can check that this is a generic feature of

rotations in 3D
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Tanspose of a Matrix

By interchanging the rows and columns of A

its transpose AT is defined as

CAT If Aji

example transpose of rotation matrices

co since o ˋ

是⼼ ⼆
since cos O

O O ⼯ RT If Rji
Rf

ˊ Go Since o

since cos O

O O I

Lets mulipq themtogether 它

cososinooi coso s.in O ˋ

RÉGJRZG since cos 0 since cos O

O O I 0 0 I

E E E Kronecker delta
Sij
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Orthogonal Matrix

It is quite interesting that RÉRÉI For

matrices with the property they are called

orthogonal matrices

The name is puzzling isn't it As explained

before the matrix Rz Can be viewed as

3 rotated basis vectors

Glèj f Ǘlǖ Scj

cososinooi coso sinooi

sinocosoosinocosoo.CO0 I O O ⼯

⼆ 信 1

It just means that É Rz ⼆ ⼆
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Hermitian Conjugate

Generalize the idea of transpose to the

complex matrices Hermitianconjugate I

Álj ⼆ Aji

IF the matrix is red Hermitian conjugate
iii the same as transpose 它

exampe CAB⼗⼆ 13有⼗

IAB Di CABǛ 共我唸

⼆ ECÁ多 5以 Its Ok 九
2 change the

⼆

E CBKCÁ多 order

13有⼒的

It shall be clear that CAB ⼆ Bi also holds
for the transpose 它


