



































































































































Matrix Diagondizahon
⼯

辰 a real and symmetric matrix M its

eigenvectors form an orthonormal basis

In the eigen basis the matrix M is diagonal

n_eigenbas.is Mj ed Mlej 7r

⼼ Note that M Can be

L v written as

1mi
M E Mi Mi Mil

The matrix representation of the operator M
in the eigen basis is

Dij ⼆ Mil Mlmj
Mil⾂ Mklmk mkljlmj
E mk Milmk Mklmj

________ __________

炙 的

⼀⼝ Dij mifj _diagonal
它
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Similarity Transformation

example M ⼆ 位三

MF I Mz ⼆ 6

lm É 位 n Él
We would like to construct the similarity
transformations that relates Mij Dij

_eigenbasis Mj ⼆ CEIM lej
r

f 5 2

⼼ z z

L v Dij
⼆ MilMlmplmi
品

不 ese two bases are related by S

1Mj ⼆ Slep

matrix elements Sij
⼆ Glslej 7 ⼆ Glmj
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It is then straightforward To derive the similarity
transformation 3

5 M s D

Use the braket notation to prove Me relation

5hsij 15kM.es
⼆ ⼆ milek ekl Mlq Elmj 7Ke _________ _____

Elek ekl ⼆ I Eleekeel ⼆⼆

⼆ mil Mlmj 7 ⼆ Mifj ⼆ Dij

Lets construct the matrix Sij explicitly

Sij eilmj lm m

Éo 立 7 dets Éi 5 ⼆ ⼯
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One can work out the inverse Jij

5 Ii Ǘs Si

É 孟 I
⼆⽇ the transpose
5 5

I 5 S ⼆⼆

55 i 吉 㠭 È 位

E i Sij

2 5 M S D

5 hsii É 佔 信三 吉 之

È 佔 È 1㠭 怨
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Diagonal Matrix

The algebra for diagonal matrices is simple

Dij
⼆ difj difj

Dij ⼆ 吾 DikDkj
⼆ 吾 dfkdk Skj ⼆ dffj

It is easy to show that DIE difj
example m 伶芝到 at

starting from 5M s D M SD 5

NE MM M SDÉ GDI GDS
n times

N SD.is D 5 SD 51
nimes

I Diagonalize M eigenvalues m 6 3 3

eigenvectors

2 Construct Dom eigenvalues
3 Constructs from eigenvectors
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For two diagonal matrices A B they commute

A B AB BA
OCABI.EE

9 Sikbkg
⼆ Gibifj

BA ij
⼆ 天 bifk Skj ⼆ a big

Applying similar it transformation To A B

A SA 5 A 5 A'S

B SB 5 0 1 B 5 B's

NB ÁBLBA

SAX 135 SB 5 A 5
⼆ SAB 5 SBA 5

S AB.BA 5 O

不 us A B 0 is independent of the
basis choices 些
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Quadratic Curves

i Y x Consider the quadratic curve

x 5 2 4 xytzy
2 30

i
化 Y 含到倒

⼆ 30

不 the eigenbas.is the quadratic form is

brought into diagonal ⼀

y 炎 30

x 12 oy 12 30

器 等 I a 合 b E

The principal axes are the eigenvectors
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Harmonic Oscillators

s m m s
s K Kiz_ Kz ㄔㄨㄣ

imtzmorltmn⼺ ⼺
多 Xkt Xzlt ⼺

Write down EOM for the oscillators

m器2 KM tkizlxix

m瓷22 kyz 1仁 XEX

Kikz ⼀ 名

ml剗 ⼆⼀

⼀ 名 kik 倒
Choose Kikz ⼆ 名 ⼆ K.me K matrix becomes

K 炎 炎 2⼈入 K
o

K 2 K 入

八 21
2 KLO 八 ⼆ K 3k

eigenvectors 1⼼ ⼆ ÈH BKFÈK



Normal Modes for the coupled oscillators 它
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⼺ 多 WFF
imtzmorlimn

多 K K K ㄔㄨㄣ IKFFǏH⼺ ⼺

⼺ ⼺ WEE⼺ 参

mimtzmrimn
多 K K K ⼺ 13K ⼆ ÈK⼺ ⼺


