Lets review the nofion of differentia® d
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According fo callelus, it & easy to show that
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df = g‘dex

The. notion. of differential can be readiQy
gererdllized to the mult-veriable fZenctiond,

df = f(x+ax, y+dy) = flx y)
This & called the 1total differentia® of F.



When computing totaR cifferertiaR, one finds
usefr o define partia¥ denvative 3
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Similary, one can define the partfial denvative
with respect fo the ofher varnab. Yy 3
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What about the 2™ partial derivatives 2
Taking prhad derivatives of £ ar §§ ~
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Skipping the preof, an 6:/5 @p e 2™ pariN
denvahive (> Continuocd
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exanple.  Find 15T and 2™ partia® derivatives
OF #he Furchon Fyy) = CoSEy)+Y
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SE XKSinCaa £ 28 —p 53£= — XCoS(xy) + 2

8—9_( = éi/a— {—y Sf/\(p(y)} == —SI\I\(?()/) = X COS(X)’)

of 1L = J—xsinGyy+ay§ = = SinGxy) = Xy CeS(xy)
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fotal diffferental
df = flxrdx, y+dy) — FEY)
= el yicly) = (% yredy)

+ £ yrdy) —f oy

Thus, the o2 differential dff Can be wriffen
n the B@lowing farm.
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df = ggdx-f—g—fdy = axdx —2ydy

What (£ x,y are rot ideperdent veariables 2
Doen the. reRaticon. AF = ££.dx -'-\F dy remain frue 3
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examnplo. FGy)= x-y* and y=x%

Foyoo)= x= GO = x=x*.

df = 27<olx—4-x3ol?< = (2x-4x3)dx

Or, /f one trests the partiz® derivatived

df = 2xdx — 2ydy —— ©ly = 2Xdx
= 2Xdx — 2x° 2Xox
= (2x-4x3) dx

From this Simpl. yet inspiring example , one
Should Rnous thak

e = of'x+ g‘;—,dy

W aﬂways#we arcl doen rot redy on the

mutual (ndependence of the variables !
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exact & inexact differentials

Sonetimes, we are given the f@owsing Aifferertiosld
A(xy)dx + B(xy)dy i df gy

and wonder whether ct Can be wriffen ax

the tot= differertic® of some fn F&,Y) .

If YES, & i cxled exact differentiD.
If Nope, ct in called inexact differential.

Consider the fofaf difftrernfial as b6elow 2

df = Al y)dx + Bx y)dy
T+ obvious that A= L and B= 8§
From the re@ation. 3¢ _ SF
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= 7
I feurs oud that the obove Criferion > the

neCessary andl Sufficient condlifion. for the
Ufferentia 1o be exact &y

This IS quite offen ercowntered o el theory.
The work done by the
ide externcS Bree &
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IFf b A an &xact differential,

the work clone by the Rvca can be wriffenax
Fox+FRdy = F-dF = - dU
The frca Can be dexcribed by a. pofertiad Us

Fx __ oF __ : 2
= 3;2 > exoct differental

The potertic® exists ard the Brea Reld o
called " Conservative



Different perspechves of Rxy)
For o given A F&Y), it (> nadur® fo viewr ot
an a 2D sSwrfac. One can infrocdluce @

Y odcditionay variable &
7 Z=\7D(‘X/Y3
>< — Thus, there are many
= v
x ways to Eok at the reladion.
(1) x=XCy,2)
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(2) Y=Y (%2)
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X
=
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Set dz=0 Ax = (%)a dy
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melQtiply both equalionn tegethes s .o
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Towlor Seried

The trick ¢ Simiar To the Single-variab (A

but the a.Qg.Qbra (> more compPraafed .---
Fexy) = @ +{axx + Ay Y §

+ { By X+ b y7‘+azxy7<yj~
e R
The task & to Brd o Q¥ coefffcients !

(1) Zero-th oder  gust Phgin %=0,y=0

d:(Q,O‘) = Q Checked v~

(2) Ryst order e toking 2 Rest

E e oo
%(- (xy) = O+ { 20, X+ o.mly} +

Paug cn X=0,4=0 oder 335(0)03 =

Similarfy, one Car Compute Q,
Qg = S,f(o,o)
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() Second oder

éF?. = §/}
e Zero @ x=0 =0
ax’g_ (9') W+ {/?

Zerp @ K=0 =0
2 L LY
aoae% = O‘z«\,_‘- {//§

Colect ol resulfs fqgether ~
Fixy)= Feoy+ { 55 x+a'}’\/§

Zero @ =0, =0




OR one can Wrife the Taylor Series u. the
rzther cnferexting (rm
g%:_xt+2§j-§yxy+-§11§ vz
- &R ¢
Thus, Taylor Seried Qan be Wriffen ax

Foony = Z - (x&H+v&)F
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The 82/\eroQiza:h'01\ ea rnows cleas
n
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fooyy= = ar (axE&+ov&)

N=0
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here O&X= X-Xo ana AY= Y-Ys

/2,



