» ) Ore can use differenhal

_ 1o spot the Mo/ min of
/'\ /xz/)/x Q :ETI\OOHO'YL;:W e

df =0

X,: Rocal mox Or; i\ more familbiar fEm
%, = €ocal win

d - dE
Godx=0 —> GEON

Ruthemore, one can use TowyLsr expansion o
dexcribe the vicinity near the stahionary pr.
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Fix) = fo) + E14) o N odp=o
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Here OX= X-Xo. MNear the Sfationary pf,

ax<<1, higher-order ferms can be (gnored,

Af = zlr Flx,) Ax? f:@@>° man
' fxy<o max

whAen ;,Cl@xo)=0, Ut can be complicated g



Stationary pt of mullh-vanable .

The 'vicinitiea of Stafionary points of a
multi-vanable 7 f(xy) are complicated .

Figure 5.2 Stationary points of a function of two variables. A minimum
occurs at B, a maximum at P and a saddle point at S.

Riley, Hobson & Bence (3rd edition)
But, the differenhial works equally welX.
= —_ .if?_ —
df =0 —» F dx+§§oly o
Because dX dy are arbitrary, & means
SF _ o Gradient azn be infroduced &
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There are many typed of Statiorary pfs.
How can we telR 3 By the 2 derivatived !

Making use of the Towlor ©<pansion,

Af = Foy)-106Y,)
(@) 2
__ﬂ. DX AX; + -+

.-_-Z A —
5 < X+2!§37(‘:3’(a’ e~ d

Inhroduce the rea¥ ard %mmein‘c matfnx M

M axax 2 M=( i fxy)

Fyx Tyy

In the vicinity of the Stafionary ot
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To perfam the stobibity ancld/sis, one needs
W diagonallize the mafrix M. We wi® am

how To do this tn the Linear algebrax &fer,

lelt us infroduce two imporiant properties
of a mammx first.

Trace . M = ? M T T M
M, M

DEf 4 T: l ’M= /7] 12
Mz Mgy

BS det™M >0
M >0

Pes det M >0
TrMm<O

Figure 5.2 Stationary points of a function of two variables. A minimum

o occurs at B, a maximum at P and a saddle point at S.
S8 defM <O | .
Riley, Hobson & Bence (3rd edition)



Stetionary Points with ConsfrauntS

Sonetimen one needs 1o FRndl the stafionary pl
of a A Ray) with some ConstrainT §&y)=0

The easiext way o usuaQy the method of
Lagrarge muStighier

Complicate the problem by adblirg one more
Vdfiib@z, A Z ! auxiliary ariable.

FyA) = TEY) +AZCY)

Then, write down the Satiorary condlifion
for Fry,A).
dF*=O — —QE dx—v— Y dy + QE::{)\ =0
Because dx,dy,dA are ambifrary,

i 98 =
O =20 | —p =5 )\ o

aF*:O —D %€+A§T'?=O



X-o — GO
outomatiaxly
satisfled & YES!

Exa/'\PZ@ Fnd #he moximum area. AXy) = XY
the ellpse.

Ay, )= A(y) + A BOy)

»

where @i y) = +X -
_E So QBE»(P&:U./\.QO' bEZ%TE.
cy A &"‘M&'VQS the reguired constroinX 1
SA - 2A
a\/ —) w 4% + g Y TS ={2)

Now, Seme algebre @ i ordler oo o
(Dxx + (2)xyY Sved

8X\/+2-/\( L)zO

LA e =g Sy — ey e
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—p = —Uxy
Substitute back n (1),
2
4/+ 2 (—49</§ Sl Em [ [ %= =

S ar
———m]> e
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Substitude A oo (23,

b
4o+ 2y (~axy) = O TP YT
—w y=—‘[b_?—:-

Thus, the moxima® arex of the inscrbed
rectangle Lo SRR
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Example. revisited o

Moking Use of parametnc cug@z S o elinuinate.

the cengfrunt o L0

y= b 8inS
The argllar voriably, & (> free Pows !

A(xy) = 4Xy = 4 QoSO - b8in®
= 4ap CosSOSING

= 2ab sSIn20) o588 = I

The moximum occurs @ @—_-.417_:

A= 4 Coszk =
—> A/f\ax— Zab

]
Nl NI

= '~ 1L
vV bSr/\q_



Geomelic interpretation. of A

Let§ move into the 3D Space. Without any
constraint, the tota? differentic® (o

df = gfdx+§$dy+§§d-z~

= Wf-dr

IF the 5moh’e/\+ > Not 2ero, 5\\7" F+O

one can choose diF ang with V£ so

that Jdf Can incréease or decrease.

In censequencs, U cannot be the Goaa

moximum nor the o minimum v
In short, the stationary pt requires dfF =0

— -ﬁ-{-’-dv_-‘=o —& _v':f’=o

(
arbihmy
What Aappens i dir (x NoT arbitrary 2

- oms o=



e

WitA the consfraint P(xy,2) = O, dr can
onGy move on the

Surfoce.
df=0 3heQ hobls ¥

& Vf /1S

7
Buf, it Qoads To different criterion. &
Note that Plxy 2)=0, so Us differertial
@ also Zero2 dpp=0

A} = Th-dr =O ar. 76 =0
The Stafionary Concifiore nous becomen
TF dr =0 + dFT$=0
—» Uf cannot hove any inptne Component
tus, VFEN TP —> GP+ATS =0

TAIS (o The geometnic inferprefation. of the
Lagrarge multipier A 7



