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Stationary Points 2

Te criterion to find the stationary points of
a multi_variable fnflx Xz ⼀⼀ is

df 0

without any constraint ⼀

df f.at ⼀⼀ 1 f o

arbitrary
With constraint 0伿 0

From the constraint Cxi ⼆ ⼀ 四 do T.at 0

⺟ fng
di can only move on

hn the san

zeyfrndxik 0 Lagrange
multiplieri

df f.ci f 入 5 O

not arbitrary 皆



Shannon Entropy_also known as
2

information entropy 它

在 a coin with the probability distribution

X I EFP 只⼗⽇ ⼆ I
巴 X O ⼝ 1 P

conservation of
How can one characterize Probability

the uncertainty OF the random variable X

0 a⽅ ⼀ ⽀ 只去度
Shannon
entropy

0 ⼆ ⼀ ⽀只去只

example a fair coin 只⼆⽇ ⼆ 点

a 立 at EG 赱 a 令 ⼆ GI

example an biased coin IF I 只⼆ 0

0 IGI 0 GO ⼆

him
x_x

XGX o
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Thermal Equilibrium

When a system reaches thermal equilibrium
its entropy becomes maximum 0

nn o Ě 只去 只

只 是 IN with the constraint
N

N states I 只 ⼆ ⼯
X 1

Making use of Lagrange multiplier

o_o 入 Ě 只 ⼀⼯

器 0 G是 ⼀ 只 ⼀ Ī ⼗八 ⼆ 0

en只 ⼆ 八 ⼯ 只 e const

Substitute back into the constraint ⽀只 ⼆⼯

and the criterion for maximizing entropy is

只 ⼆ 元
⼀ micro canonical

ensemble
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And the maximum entropy is

Fax
⼆ ⼀元品亢 x N G 台 ⼆ GN

It can be shown that the thermal entropy S
is related to hax Cnotr in general

S Khax KGN

For a system with thermal contact to reservoir

the constraints are different

I
只 ⾔ 只

⼆ I

r

竿 坐 E 是Ex
⼆ U

exchange L additional
energy constraint

Again applying Lagrange multipliers to

find the maximum entropy

ooo ⼗八 ⽀是
⼀ ⼆ 公 信是可以
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是⼗⼆ 0 G只 ⼀ 是 六⼗八⼗八 Ei ⼆ 0

G只 ⼆ aī ⼯ 入 Ei ⼀ 四 具 ÉHǛZE

Substitute in the constraint ⽀是⼆ ⼯

ÉLE
只 ⽞ EEKT

E e 2⽀

absolute temp
It turns out 令 __

⼯
B

公 Eē
⽀⼼ is the 然 然正 杰

The probability distribution obtained in above

is the Gmous Boltzmann distribution

HE ⽞ é Eiki

The higher energy states are exponentially
rare to End Tis is the underlying reason

for scientific phenomena diff energy scales
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Finding Envelopes

Remember Huygens principle taught in high
School What is the math to find the wave

front from those of the wavelets

fnewcnoave envelope of the wave

fronts of the wavelets
T
original
wave front

Let us start analyzing a amiey of curves

Riley, Hobson, Bence (3rd edition)
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The intersecting point R satisfies

fgyjx O fgyixtdx 0

Expanding the 2nd equation
0

ffyjxtdx yjx 叕 dx

ofTyfyix 0

不 us the envelope can be fund by eliminating
the parameter x in the equations

flxyjx 0 叕 xyix 0

example Huygens Principle

family of curves o fnaowaveo front
x_x

2
y
2 d original

wave frontS Hxyix x_x
2
y
2 d o

y 0

哥 0 D 2 x_x 0
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It simply gives x_x Substitute it into

fgyix 0 to eliminate the parameter x
0

tfty Edio y ⼠ E

example Sliding Ladder 皆

s The family of curves
⼺
⼺

_ladderlength修 L 是⼗号 ⼆ ⼯
b⼺
i Where a b satisfy

had 5 L 2

It is convenient to express the parameters as

a Lcoso to 前 ⼆ ⼯
b

Lsinoigdar parameter

ofGyjo Ǘ to I O

器 0 ts ⼀ 关 ⼀
比

⼆ 0
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x 器 y 器 千⼆ 權
Thus one can write X C

cod_cissomeyc.si Po constant

Substitute back into fayio 0

㤁 ⼗ 点 ⼆ I Eaotfs.int 1

It is easy to see that EL 它

E coso 卡片 coso
⽽

光 sino 光
5 since

Now we are ready to eliminate 0

⼆
Lcoso

⼗ 点 ⼆ ⼯

XK

Y 5
火

火 分
⼆ ⼯

FEFI Asteroid
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Thermodynamic Relations

internalenergy
不 differential form the

ㄔㄨㄣ I Taw of thermodynamics
I 忠品彦

Work
ㄔㄨㄣ may be expressed as

购的胸
heat d U Tds R d V

_____ _____

heat Work

不eating the internal energy trusv

do ghds 1是bdv
By comparison one can express T R as

partial derivatives of the internal energy T

T ⼆ ⾶上 ⼝ 是b

Te El derivatives 器 ⼆
⼦上
252 V

剥到 ⼆ 剥到 ⼀ 副 偔
____ ____

T T
T ⼀⽇ Maxwell relation


