Quantum Operators

A quantum state can be represented by a.
Ket vector WD or is Hermitian copjusate

(ual vector) <W|, known as a bra vector

If an operotor A maps 1¥> B 19>,

> = Aly> (;H‘Z ;>(i>

Us Hermitian corgugote A" maps (Wl to <&

<¢l=<(PIA+ (¢ o) = (o :L\(_Z. z.)
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T+s ensyTo See that 'SP =S, (=xy,2

are Hermitian mafriced. It terns out aQR
Observables i\ Quantfeen mechanics Qan be

representedl by Hermitien matrices ©

Let§ tfry To diagendllizad Sy .
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Orthonorma¥ Eygenbasis

The Hamilionian of a quantum System can be

represented by a. Hermitan mafrix' H= HT

Ifs eigenvolues ale eregied o ol

HiInYy =E in)y —v <f\IH+= <nIEA/%°n

Nows we would €ke To shows that En io red .
SRS — =, <nin)

hIHTINY = E, <nin i

s (E,\‘En)f"/’\) = <N H//ﬁ{n>
posihve
Thus, i Gods o the refdion E\-E, =07

Nowr we wousHl Eike o shous that
RIMY =16, fBr E* &

The " normoQization” part é» sy — Just
rescalle the ejgenvector so that hind> =1,
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Nows, @ts work out the /ézv%aonaD . part-
HINy =ExIn)> —> <m[HIN) = Ex<mn>
<mlH = <m| R —© <MmiHIn)= GR<mIn

Upon substraction, (it €aods fo the relation. g

non-zero Orthegonal &
Nofe for BEi=En ase, the egersttes Im3, 0> are

rot necessarily orthogere®. Bul, (&r

Hermitian matrices, b e aluways possible
To construct  <mIn> =0 So that fhe
eigenstares Brm an orthonerma) basis !



Commutators
The. commutador of Two operators A, B ¢
[A,8] = AB-BA

IF the commutatdor vanishes, (A BI=0, we
call that " A, & Commute".

B  [Ate,cl= [Ae]+lee]
The prof > strayghtformard ~
[A+B c] = (AtB) C — C (A+B)
=| (AG-CA) H (BCLCR)
=S [JACTH B CI]

exanple. [AB c]=Al[Bc]+ [AC]B
[A,Bc] = [AB]JC+8BLA,C]
PROCFE 1 HAB CT EI(ABIC IS AR)
= ABC - AcCs® + ACB —CAB
= A(Bc-cR) + (AC-CANB

= Al cdl+ITACQ]R



Baker—Campbell-Hausdorff formula

From Wikipedia, the free encyclopedia

In mathematics, the Baker—Campbell-Hausdorff formula is the solution for Z to the equation

CXBY = CZ

for possibly noncommutative X and Y in the Lie algebra of a Lie group. There are various ways of writing the
formula, but all ultimately yield an expression for Z in Lie algebraic terms, that is, as a formal series (not necessarily
convergent) in X and Y and iterated commutators thereof. The first few terms of this series are:

1 1 1
Z=X+Y+ _[XaY] + _[Xa [XaY]] = _[Y7 [X7Y” Ty
2 12 12
where "- - -" indicates terms involving higher commutators of X and Y. If X and Y are sufficiently small elements

of the Lie algebra g of a Lie group G, the series is convergent. Meanwhile, every element g sufficiently close to the
identity in G can be expressed as g = e fora small X in g. Thus, we can say that near the identity the group
multiplication in G —written as eXe¥ = eZ —canbe expressed in purely Lie algebraic terms. The Baker—
Campbell-Hausdorff formula can be used to give comparatively simple proofs of deep results in the Lie group—Lie

algebra correspondence.

IF [x,Y] commules with XY,
@B =, @@ -°
the BCH Bmula. simplified,

X

Y X+y +7LX Y]
E e = &

Note The exponentiol) operador & > defined
by b Tawlor expension
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Monentun Operators

In quartum mechamics the operators X, p
satisfy, the canonical Commutator,

[x p])=ik — K= (h-bar)

Fom the commudaiors U can be shown that
the momentun operalor (> represented ad

p--—éka—a;;

Choose A=X, B=5§x —
[A8] vy =(AB-BA) ¥

P x 2w — 2 [x )]

= %— V/(x)—&?‘;’—: = =1 V(x)

Because W(x) w arbifrary,
[RE]50 > [x-ad]-o

By Comparnison, #\emome/\‘lwno,: 7 P=—<_’A§-;<



Disp@rcement Opercdor
LetS stucdly an infereting operador D(@)

i ? D(@) WU(x) = Y(ix-a)
/\ j\ (ctc'SPchmner\f p.

X Shift the parficde To +he
Y(x) Yix-a) Haht by @

Makiré use of Taylor Sxparsion.,

p S
Y(x-a) = W(x)+ \Péx) -a) + g’,‘ ‘P”(x)(—q)-l--'-
-— - (—Q)A 5 N /
,\go ni (a’X) VJ(’() the conceptual
powesr of operodor
o

= V(X))

By comparison, the disptacement op

—Q —cap/K
@ - < & _ e

The disptbcoment op. D@) & refated +o the
momentum op. p S
o= ih =l

da
Q=0



