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Angular Momentum

The angular momentum of a particle is

E 成 5
i i i
X Y Z

B B E

YEZB ZRXE XB YR

Making the substitutions 及 ⼆ it 最 the

quantum version of E takes the Eeowing form

it ⺤孨 Z录

Ly it A录 x孨

Lz it 化录 ⼀ 倍

Note Tke Lz as an example ㄍ录 0

and y录 0 So it is Ok to

change the order 㖨 ⼆录 x

OR 㖨 最 y
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Commentators of 44 Lz

Lets compute the commutator Lx Ly There
are many ways to proceed Here I would like

to use commutator algebra
Lx Ly YEZ Py ZIEXEJ

Is
O

X y 令

炈 ZB 烃 xgj
Commute

Zizl ZPyXEJOLZ 只Py Commute

y Pz ZR 只 引

z xi 8 Z XE Py

名 it
⼆

⼀年多 ZJB tyzgf
x Z Pz Pyt JYǙB

Finally Lx Ly y Fit Rt XCA 13
it XPy YB
it Lz
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Similarly one can work out other commentators

4，4 it Lz It is quite surprising
that these commentators

Lz Lx ⼆ it 4 ead to quantization

Ly Lz it Lx of angularmomentum

Introduce the Hermitian operator E

E Li 42⼗ LĪ
Its straightforward to show that I commute
with all components Lx Ly Lz

I Lx 0 4 Ly 0 B Lz 0

Lets compute B Lz Lflit LÌ Lz

必 幻 Li Lz ⼼
0

⼆ Lx Lx Lz Lx Lz Lxt Lyky Lz Ly Lz 4

it Lxly it Ly Lxt it 44 t it Lx Ly ⼆ Of
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Strange Quantization Rules Of
Suppose two operators B G withCBGHO.mnGB 圖 圖

巡迴 巡迴
twuryll延的 s BGGB to_B_Lse

圝 圝
延的 巡迴

Choose the maximallycommuting set ELZ

magnitude of Ee I
It 1 Elitist
OF e 0 I 2，3

It

_f
Z comp.fi
Lz ⼆ ME

IF Et
m f Q Di.Q.ie

Czeti dates in total
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Ladder Operators

Define a set of ladder operators U D

U Lxti Ly Because E is Hermitian
0 It Lfili 4 i L y D

D 4 i 4
Dt Lfiy Lxtky ⼆ 0

UD Lxtdy 4 4 似 幻 ⼆ it Lz

Lf Lf ti LyLx 4 Ly

E LÉ 5 Lz

DU 4 ily Lx ti Ly 似 幻 ⼆ it Lz

Lf Lf i LyLx 44

E LÌ 5 Lz

Lz 0 44 i Lz Ly
_______

it Lyttly ⼆ to

similarly Lz DJ ED
_______
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up and Down the ladder

Choose To diagondize L Lz simultaneously

Elqb atilgb 7

Lzlgb bt lab 7

Construct another state by the ladder op.ir
47 Ul9b7

We would like to show that 147 19511
___________

4 y 0 E U 0

s
E 14 Eolab 7 ⼆ UE lab

U at la b

a R Ulab a R 14

YESB 147 is also an eigenstates L2
with the same eigenvalue at
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Lz U A U Lz U ⼆ Ukzthi

Lz 14 Lz Ulqb 0 Lzthi lab

U ⼼ 5 lab b 1 ㄊ Ulab

b 1 5147

YES 147 is also an eigenstates Lz
with the eigenvalue Bt DA

One can also construct the state 10 D labs
and Show that

10 19527

i
One can use ladder

Dfcbtnt 00
D be So Operators U D To

D cont ŌU construct eigenstates

at 2 remains
with Me same at 2

the same but different 他 1 5
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Quantization of Angular Momentum

Te ladder of Lz eigenvalues has ends

LE Litlft LÉ _a af 3 bt
2

_______

positive definite

Suppose He maximal value is bmaie
éea but 4 1 3 a

Let us apply the eadderop.ir on lae

Lz Ulae et l I Ulqe
_______ _______

This means that Ulae 199 17 violating
e is the maximum of Lz eigenvalue The

only resolution is olae O

DU la e 42 LI tLzlla.es 0

afey ef
oae.ie ⼆ eletl

I
relation between a and bmaie
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Similarly the eigenvalue of Lz should
have a minimum value bmien
Here n is a non negative integer
Construct the state Dlaen 7

Lz Dlqen em DAD la en_______ _______

But this cannot be true unless the ladder

OR D kills the state lqen

Dlqen 0

BUDlqen ELÈ 5Lz la en 0

een aycenyemffedhzente n

ozetzenntn2 D.ec n n l

2

e z L a R e et DE

Lz bt eli e Mi et
angularmomentum
quantization


