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Simple Harmonic Oscillator

以八 a Consider a particle around

lryvf a stable equilibrium x_x

The potential energy can be
i

x x approximated as below

V x ⼆ Vlx 主 K x_x
2

Setting the equilibrium point as the origin the

Hamiltonian for the particle is

H ⼆ 点 Ekx 2 ⼆ 点 主mufx 2

By imposing the commutator Ex p it

the quantum SHO is described by exactly
the same Hamiltonian

0 As the quantization of E is
dictated by the commentators

quantization of SHO can also

be denied from x p it
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How water moleculeSHO everywhere vibrates differently

The molecular vibrations
Can be described by diff

SH Os normal modes

The Hamiltonian takes the Eeeowingfom
H 专 收 Aih Eitai 你垃

1 phonon
normal modes

energy OFphonons

The EM wave in the fee space Edows
similar dynamics with the quadratic H

旨交 H fifq Étǜp 2

Ě 5hh
The Ē 5 fields can be

viewed as conjugate vaiabes with similar

comment ⼀ ⼝ the energy in quantized
in the same way

TtwdnihphotnénergyÈofphotons
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Ladder Operators

Introduce a pair of ladder operators A At
A Èhnxt i D

At Élrmwx i 2

元 P

Here A Áare Hermitian conjugate to each other

Consider their products in diff order

N 全 mwx
2 求 P

2 Ì 只照

⼆ ÈH ⼀点 t Gp it

AÁ ⼆ Emwx U_U p 2_Ìcxppx________

主 Ht Et Gp it

Combine the above products together
A At A At A本 A

H 上 At AÁ
2
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One can compute the commentators between

Hand the ladder operators A At

H A Ew At AAT A

Ìw A有 A ÌW AAt A

Ew At A At EWA AtA
______

_______

AA

H A AWA or HA A Htw

在king Hermitian conjugate of the above

CHAAH 左 ⼀ AWÁ
AH HAE.to At

H At ĀWÁ or HAEÁCH tho

0 Tesecommutators will help us find

out the energy spectrum OF SHO s
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Positive Semi_Definite Operators
We would like to prove a simple thorn

If 0 is a Hermitian operator for any 147

the expectation value 41814330

Introduce a complete orhonormd basis in

E In nl ⼆⼆

4102147 ⼆ ㄑ410 0147

E 4101 n n 10147

note that Non T Not 4 NO 147

41814 E 1 4101 ⼼ 1230
QED

The Hamiltonian of a SHO is quadratic

H ⼆ 或 Rtimcdx 2

Both p2 and I are positive semi_definite

SO 411 114730
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Energy Spectrum
Start with the eigenequation for SHO

HIM ⼆ Enln and him ⼆ Snm
_____

eilvdue eigenstate

Construct the state 147 ⼆ Aln

H 14 HAM A H tw In

A Eitw M

Entiw Aln Entiw 14

The constructed state 147 ⼆ Am is still
an eigen state but the energy reduces to

Similarly one can construct 107 ⼆ Atn
H 10 HÁM ⼆ At Htt w In

N Enttw In Enttw 10

⼗ E ntwA
Emin Emax

I l l l l l l l l 7
soooooo energy

A
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Because 411 114730 the energy must

have a lowest value Eo with corresponding
eigenstate 107 But the energy towering
rule still holds

H A 10 Etw A 107

T be consistent we must have that A 107 ⼆ 0

H ÌWCAIAI 全W At_ 照共

w A有 北

Since A 10 0 A有 10 0 Thus

H 107 w A本 立⼤ 107 Etw 107
The ground stat energy of a SHO is

Eōttw Since the energy changes are

in units of tw 4 Entw the energy
Spectrum is _One

can view n as the number
OF phonons with energy tw

En nt 亡 tw n 0，1，2
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Finding GS wavefunction

The ground state 10 is annihilated by the
ladder operator A

A 10 0 Élhoxti 10 0

Making use the x Space representation

p it 录 the GS wavefunction satisfies

Fihnx ⼗ 点录 和 0

ddo 哭 xio

One can thus solve the above ordinary
differential equation CODE to find out

the GS wavefunction

Tx nge
哭 如

不 e other eigenstates can be obtained as well

g ⼆ Nn N雪 x 彘录 iqcx
normalization const 4 Xicnx_space


