Simpbe. Harmonic Oscidloter

V) a Consider a partide. arocrd
\ /\/ a stable equilibrium @ X=X

: The potenhal enersy can be
% )9( approximated as befow 3

©

V(%) 2 V(X)) + = k(«-xo)z

Setting the equilibriam point- an the orsin, the
Hamillonjan - the particke (o

H= -EL +kxt = -E—+-'-mw9<

By impostng the commutator [x,pJ=(K,
the quantum SHO & dexcribed by exact@y
the same Hamillonian.

ch) As the quantization of 7o

dicfated by the Commedatfors,
quanrtization of SHO Can dlso
be denved ffrom L[ pl=ckK.
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SHO  everywhere Howr eoater malacule

vibrafes cifferentQy ...
The molcullop vibrahons
Can be dexcribed by diff K
L >
SHos (norme® moden )
The Hamiltonian tokens the Rowing &m
H= 2 L%A:Ad —> £ -@@-z)
o
7 !
honnc:.Q moden m # of phorons
The EM wave ¢n the ffeq Space R¥ows
Similar dynamics with the quardratic H 3

| R
%{ H=[d§" 'ZL‘GOE +%—a-°B7"

E;E — —
The E & B fGelds can be

viewed ao Congugale variabls with simiar
Commudator. —D  the enexrgy an quanhzed
i the some woy  E = hw) (N7 )
7 ™N
photon enefgy  # of photons



Ladder Operotors
Introduca o pair of &obler creradors A,A:’-

=r—=2’_(/ﬁ—\co9<+if_m%p>

+ .

Here A, AT are Hermitian Congugede. lo @ach other:

Considler their producks cn dif? order ~
AR = £mwn’+ o, P+ £ (xp-px)

N :
e [% pI=ck
- -t :

i 2 I N2 | ¢
AA" = Emwx + - P — = (xp-px)

— e em e em e e -

( -
= [x pJ=chk
- &Ho 2 P

Combine the above products fogether 3
[AAT] = AA-AA =~

H= %’(AT‘HAA*)
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One can Compule the commutators befeen

H and the Edder cperators A/A"'
[HA]= [ 4w (AA+AR), A]

+
= W EA"A,A]+-2'—w [LAA A]

i

+
Fw [ATAJA +FWALAA]

— | —— o o — -
- s e s emn e

Taking Hermihan coraueatq, of the above,
+

(HA-AHY = —BKwA

AH-HA = —kwAT

+
—> [HA]=rwAT or HA'= A (H+Rw)

QO These commutators witd help us find
oul the eneigy Spectrum of SHOs.



Eositive Semi-Defnite Operators
We would ke fo prove a. simpla theorem 9
If O o o Hemitian cperador; farany 19>
#the expectation volue <WIC¢> 2 O
Introduce o Complafe orthonorma® basis In)
@ 2; InYy<n1=14
<picpy = <yl O-1-Oly>
= Z <ylolny<n|olp>

*
rofe thal” <yioiny = <nichip> = <niocie

Y A
— yloiyy = Z [<wioiny | >0

QE.D.
The Homillonian of a. SHO (s quardratic,
= 7 P+ Fmustx®
Both p* and X™ are positive semi-definite,
So IS



5’\613*/ Spectum
Start with the eigen equation for SHO
HIn> = ELINY and <nim) = &\

e‘g@;j;zu—e—l Sgenstte
Gonshuct the stafe (W2 = Aln>
Hlyy = HAINY? = A (H-Rw)In>
= A (E.-Bw) In>
= (Bi-hw) AlNY = (Exshw) Iy

The Construciled State [yH= AIn) (p SHAQ
an e genstate bul the energy reduass hw,

anu'éar@,/, one can construct | ¢>=A+I/\>
HIgS= HAtINS = AT (H+5wW) 17>
= AT (EtBw) 1Ny =(Bt BW) 18

A+ AE = nRW

L] [ 4

R ek ke energy
A




Because SWIHIW>2>0, the energy must
hove o Lowent volue Eo with Comesponclicg
Sigenstate 103, But, the energy - Cowering
rule. sl holds ~

HAIOY = (B-kw) AlOY

To be consistent; we must hove that™ Alo =0,

H=4w(AA+AAT) = w0 (AA+AA+R)

= b (A-%-l--z’-k)
Since Alo) =0, AA |0 =0, Thus,
Hioy= W (AA+ER) 10 = 45w /o>

The grouncl-state enexrgy of a SHO &

E,=zhW. Since the energy changes ae
in units of hw (AE = nkw ), the energy

Spectrum w One mn view N as the numbser

7T Of phonens with eneggy Aw.
Er= (Dt3)Rw N=O 12




g,
Anding QS wave fnchon

The grownd state 10> w amihilated by the
Eadder operator A ¢
Aloy=0 —o L(Imox+ZE yioy=0

Making use the X- Space representofion,
p=-(k &, the GS wave function SatisfAen

V2 {meo ©
d¢o m —
MR SR AR

One can thus solue the above orinary
differenticl equation (ODE) T find out
the GS wave fenchion

_.L."_V:‘.-)xq-
q%(x) =Ae A
The other ejgenstates can be obtained as wel,

[me> A_a N
9,5\(90" i ( Z O on ax) %(9()
N PRI P A e S B (AY" én x-spaca.




