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Stokes Theorem

Recall the definition of cure
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Sbkes theorem fūdr f 5⼼
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名 Sit Sz but 29 2Sz
Stokes theorem she works

Stokes theorem doesn't
felt 52

work for I_side suite

like Mobius strip

Let's prove the theorem by Ms Loop on the

x_x plane

Indy circulation ⼆ 名 T.at

dx 以 y Y ytdy dx

Vyfxtdxtycx dy
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fs Ūdī ⼆ ⼀ 哥 dydx⼗幾 dxdy

哭 ⼀發
dxdyf

Ōxǖdǎ 5 0 Tdxdy
哭 ⼀發 dxdy

不 us the circulation can also be computed

by Me surhce integral OF the cure

率 i.PT

an蕊
Ms Loop

So he Stokes theorem works for arbitrary
closed contours on the x_x plane

fūdr f Jxǖdā
AS

Te above results can be generalized To the
3D case not a trivial task 0
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Conservative Feed

Consider an inotationd vector feed Ǔ

Jx 0 0 f 5 Ūdā 0

tredfg
According九 the Sbkes Mm

1⼀ 名 Ūdi 0

Its quite interesting that circulation along
any closed contour is ZERO B

E Consider two eine integrals

A

B fi.ci
7 Iz ⼆

名ŪdrpI

Reversing召 to combine 召 into
L a closed contour IT
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Zero
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在 important conclusion here is

不 e notion of potential 0 F works for

an inotationd vector field ŪT

We may go further To derive the relation
between 4 and Ū

i
F Because 5 0 0 the potential

th can be defined
r cn 4的 fūdi
But from the relation dlo 54 ci

0 4们 0 5 f 54 ci

四 4们 0 5 f T.ci

不以 f E 54 di o
for arbitrary
contour T

It means that Ū 54
sometimes with a minus sign



5

Example Ē field of a point chargeQYZÉ彘台 i 彘 前的名 也到的名 也到的到

Ēbi 答
⼀發 彘 y 三 怪片成長

XCÌKFFÉIÈZY 0

One can also compute Me other components

Tx Et 0 四 potenhd 0 们 exists B

One can construct the Coulomb potential

0们 彘卡 Iote that 叕 录 FTEÉ

00 彘台 叕等 叕 舙台 i E

四 Ē 54
This relation holds true
for electrostatic s

NOTE From Maxwell equation Caradayseaw
static

_imotionaep
Jx Ē 哭 us Ǒx Ē ⼆ 0

⿔ Thus Ē 54
In the presence of nnnwvrzos
Ēt 54 careful
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example circulation of the field

it Given a vector feed

fnyr
S ⼆ 型旕 d 0 4 x E

want to compute
Y

f 5⼼ dā ⼆

L
X There are 3 ways to go

Method I Directly evaluate the scene integral
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TzrdoÉdnfdosinzo
__________

do ⼆ 3 Taz I
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Method I Make use of the Stokes theorem

Z dE
Yra d Edreqiddadd 芸 全 0

j y
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4怪 x 2 d

f 4 sintt cost ddd
I 5

sintjddlof

Jxǖdā ⼆ fi.at f型2 1 55inch dd

d ⼆ Ē 2T 3 Ta
2

the same result

Method ⼆ Choose another scene S

E f Ōxǖdā f 5⼼das
A f 3 in da

s y
3 Toi_remarkable

L
aox 正
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Vortex in the Field

of
Te magnetic feed around an

infinitely long wire is

0075 5 器 吉 奇 0

One can compute the cure
y

r 5 5 0 except the origin
X

Introduce the magnetic potential

Yi 器 4 器 tai 倍

5 ŌVB 瑟瑟 哭

器 痴 it 0

器 兩 兩 01_correct

Because the 5 feed can be expressed as 5污

f5 ci f 5分 di 0
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Tm the Ampere's eagf5 dk to It 0

In cylindrical coordinates 0 Z

Z 5 器 合成

E and the potential is
p y

Vpi 器 0
x

尼 1 I 12o o
4 O 4 2丌 4 4T

f Ōdi ME w_w is the winding
number of IT

NOTE If one computes the cure carefully the

answer is not zero

Jx 5 ⼆ ME 8 x SG

So bpidr ⼆ f Tipidā ME


