EECS 2060 Discrete Mathematics Spring 2021

Solution to Homework Assignment No. 4

1. (a) Let A(z) be the generating function for a,. Since the possible outcomes of rolling
a die are 1,2, ...,6 and four dice are rolled, we have

Alx) = (z+2* +2° + 2" + 2° + 2%

(b) Let B(x) be the generating function for b,. Since the possible even outcomes of
a die are 2,4, 6 and the possible odd outcomes of a die are 1, 3,5, we have

B(z) = (x + 2* + 2°)*(2® + 2* + %)%

2. (a) The generating function for p(n | each part appears an even number of times) is

given by
2, 4 4, .8 6, 12 T 1
(1+x +x —I—---)(l—i—l‘ + _|_...)(1_|_x + _|_...)...: T
i=1
(b) The generating function for p(n | each part is even) is given by
(1+x2+x4+---)(1+x4+x8+~-)(1+:c6+a:12+-~)---:ﬁ !
z‘:11_x2i.

3. Let P,(z) be the generating function for the number of partitions of n where no part
is divisible by 4 and P,(x) be the generating function for the number of partitions of
n where no no even part is repeated. We have

Pa(x):(1—|—:1:—|—a:2+"-)(1+x2+x4+~~)(1+:1:3+:c6—|—~~~)(1—|—x5—|—x10+'--)~~
1
(I—2z)(1—2?)(1 —23)(1 —25)(1 —a%)(1 —27)(1 —2?)---
(1—a2H(1—2%)(1 —212) ..
(= )1 = )1 = )1 = o) (1 = 29)(1 = 28)(1 — )1 — ) (1 — %) -
_ 1+ 23 (1 —22) 1+ 2" (1 — 2 (1 + 2°)(1 — 25) - -
=20 =) (1 = (1 = )1 = ) (1 — 2% (1 = 27)(1 — F) (1 = %) - -
(1+ 23 (1 + 2 (1 + 2%) -
(= o)1= 21— )1 —a7)
=(l+a+22+- )1 +2) A+ + 2%+ )1+ 21+ 2" + 20+ )1+ 2% -
= Py(x).

Therefore, the numbers of partitions of the two kinds are equal.
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Figure 1: Ferrers graphs for Problem 4.

. The corresponding Ferrers graphs are shown in Fig. 1. In the Ferrers graph for a
partition of 2n in which there are n parts, if the first column of n dots is removed, we
get the Ferrers graph for a partition of n. Conversely, if a column of n dots is added to
the Ferrers graph for a partition of n, we obtain the Ferrers graph for a partition of 2n
in which there are n parts. Therefore, there is a one-to-one correspondence between
the sets of partitions of the two kinds, so they have the same cardinality.

. There is only one loop in the procedure, and in the loop we have one addition and one
multiplication for each iteration. Hence there are totally n additions and n multipli-
cations, which are both O(n).

(a) Yes, the two graphs are isomorphic. An isomorphism f is given as f(u;) =
Vs, f(u2) = Vg, f(u3) = Us, f(U4) = Vs, f(uf)) = Uy, f(u6) = 1.
(b) No, the two graphs are not isomorphic. Note that there is a vertex vg with degree

4 in the graph on the right-hand side but there are no such vertices in the graph
on the left-hand side.

(a) Since each edge contributes exactly one to the in degree of its terminal vertex and
exactly one to the out degree of its initial vertex, we therefore have

S deg (1) = 3 deg"(v) = ||

veV veV

(b) The adjacency matrix for this graph is

11100
00010
01100
00101
10011



where the rows (from top to bottom) and the columns (from left to right) are
indexed in the order a,b,c,d,e. The in degree of a vertex is the corresponding
column sum of the adjacency matrix, and thus

deg™(a) = 2,deg (b) = 2,deg (¢) = 3,deg™ (d) = 2,deg (e) = 2.

The out degree of a vertex is the corresponding row sum of the adjacency matrix,
and thus

degt(a) = 3,deg™ (b) = 1,deg" (¢) = 2,deg" (d) = 2,deg™ (e) = 3.

Since there are 11 edges, we have

Zdegf(v) = Zdeg*(v) =11=|E|

veV veV

The degrees of the vertices of G aren — 1 —di,n—1—dy,...,n—1—d,.

The number of edges for the complete graph K,, with n vertices is (1/2)n(n —1).
Since the sum of the numbers of edges of G and G is equal to the number of edges
of K,,, we have

946=15=(1/2)n(n —1).

Therefore, n = 6.



