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Exercise List

1.V -(r3r) 7. 1f A is a 3 by 3 matrix and its i-th row j-th
r column component 1s denoted as 4, show
2.V3 | V| —
( (% D that det A=) ¢, 4,4, 4,

3. "

Z Eimn jmn 8. More problems in Griffiths:
4. Zgjkgl]k 1.5% 1.7*,1.12, 1.13*, 1.16*, 1.25, 1.26, 1.33*,

uk 1.36, 1.38%, 1.40*, 1.43*, 1.46*, 1.47, 1.49*, 1.64

5. Prove the product rules in page 23

6. If u,v are two scalar functions, prove that

C"‘)Lﬁv-dz = _!(@t)x(?v)-da
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S.

[V-(AxB)] [V(A-B)] A= A
—gljkaA B, -|-gljkA 0.B, =B,0,4, + A4,0,B, ———
= B,,,0,4, - A.£,0,B, =B,0,A,+A,0,B,+(B,0,4 —B,d,4)+(4,0,B,-4,0,B,)
=B&; 0,4, - 46,0, B, =(B,0,4,+4,0,B,~B,0,4, —4,0,B,)+ 4,0, +B,0,4
=[B:(VxA)-A-(VxB)] =|B,(6,4,-0,4)+4,(8,B,-0,B,) |+ 4,0,B,+ B,0,4
[Vx(AxB)] _[[80,4,(5,5,-5,6,,)+ 40,8,(5,5, -6,5,,)]
= €40, (&4, B,) +4,0,B,+B,0 4
= &8 (B,0,4, +4,0,B,) — (8,6, = 5,5, )(4,0,B,+B,0,4,)+ 4,0,B,+B,3,4
=(6.,6,, =6,5,,)(B,0,4,+4,0,B,) = &6 (4,0,B, +B,0,4,)+A,0,B,+B,0,4
=(B,0,4 +40,B,)~(B0,4,+4,0,B) = £, 4,600 B, + €, B 60, A, + 4,0 B, + B0 4
=[(B-V)A+A(V-B)-B(V-A)-(A-V)B] = Ax(VxB)+Bx(VxA)+(A-V)B+(B-V)A]
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6. 7.

Cj}uﬁ, d/ If A is a 3 by 3 matrix and its i-th row j-th column component

— = is denoted as 4, show that:
=|Vx (qu) -da

s detA =) ¢, 4,4, 4,
= Z €0 u@ v)da, "

5 ik |A| _ Azz Azs _ A21 A23 iy A21 Azz

1 A32 A33 N A31 A33 N A31 A32
:J-Z yk ﬁu) kV)+M(8Uk86V) di _Zgl]kAA A
s ok 0 ijk

Zf(ﬁu)x(ﬁv)-da

S
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“*Problem 1.5 Prove the BAC-CAB rule by writing out both sides in component
form.

[Ax(BxC)] =3 &,4,,,B,C, = >.(6,6,-5,9,)4,8,C, =3 (4,BC,~4,8,C)=[B(A-C)-C(A-B)]

im~ jn in~ jm JiT g
Jkmn Jkmn

wProblem 1.7 Find the separation vector 2 from the source point (2,8,7) to the field
point (4,6,8). Determine its magnitude (%), and construct the unit vector A

2 21
v =(4,6,8)—(2,8,7)=(2,-2,1)=3| =,- =~
(469)-287)=(221)=3( 335
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wProblem 1.12 The height of a certain hill (in feet) is given by
h(x,y) = 10Q2xy — 3x* — 4y* — 18x + 28y + 12),
where y is the distance (in miles) north, x the distance east of South Hadley.
(a) Where is the top of the hill located?
(b) How high is the hill?

(c) How steep i1s the slope (in feet per mile) at a point 1 mile north and one mile
east of South Hadley? In what direction is the slope steepest, at that point?

Vh(x,y)zV[lO(ny—3x2—4y2—18x—|—28y+12)}

=10(2y—6x—18,2x—8y +28)

= 0 when (x,y) = (—2,3) ...... (a)

:>h(—2,3):10[2(—2)3—3(—2)2—4(3)2—18(—2)+28(3)+12}=720ft ....... ()
1o

Vh(1,1)=10(~22,22) = 2202 ( 7 \E]ft. per mile......(c)
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Problem 1.13 Let 2 be the separation vector from a fixed point (x’, y’, 7’) to the
'*point (x, v, 7). and let 2 be its length. Show that

(a) V(2?) = 2.
(b) V(1/2) = —&/22.

(c) What is the general formula for V(2")?

&=(xp2)-(x,y,2") = (Ax, Ay, Az) w= A2 + A2 + AL
2Ax 2Ay 2Az
20, 24, 2n,

(a)v(&):zwmzzﬁ,( ):2(&,@,&):2‘:

N

| 1 1 1. %
b)V|—|=——Va=-——~4=———
() j v wz’vw "vz

(c)V m") — 14"V, = na" 4
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Problem 1.16 Sketch the vector function

1Y

r
r_29

Vv

.can you explain 1t?

and compute its divergence. The answer may surprise you..
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Problem 1.25
(a) Check product rule (iv) (by calculating each term separately) for the functions

A=xX+2yy+327; B=3yx—2xy.

(b) Do the same for product rule (i1).

(c) Do the same for rule (vi1).
A =(x,2y,3z) B =(3y,-2x,0)
() v-(AxB)_v.[ 2y

—2x 0 ]
:V-(6xz 9yz, —2x2—6y2)=6z+9z+0=152
B:(VxA)-A-(VxB)=(3y,-2x,0)-(0,0,0)—(x,2y,3z)-(0,0,-5) =15z

(b) V(A-B) (3xy 4x; (y,—x)
AX(VXB)+BX( A)+(A-V)B+(B-V)A

x 3zl |{x 2y

3y 0]

b

3y —2x

= (x,2y,3z) (0,0,—5)+O+(x8x +2y8y +3282)(3y,—2x,0)+(3y6x —2x8y +O)(x,2y,3z)
(-10y,5x,0)+(6y,—2x,0)+(3y,—4x,0) = (—y,—x)
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Problem 1.25

(a) Check product rule (iv) (by calculating each term separately) for the functions

A=xX+2y¥+3z7z; B=3yx—2x¥.

(b) Do the same for product rule (i1).
(c) Do the same for rule (vi).
c)] Vx(AxB)=Vx|{6xz,9yz,-2x" —6y" |=(-12y—-9y,4x+6x,0)=(-21y,10x,0
2 2
(B-V)A-(A-V)B+A(V-B)-B(V-A)
=(3y,—4x,0)—(6y,-2x,0)+(x,2,32)(0+0+0)—(3y,-2x,0)(1+2+3)
=(=y.=x)
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Problem 1.26 Calculate the Laplacian of the following functions: AZ

(a) T, = x>+ 2xy + 3z + 4. (a)V2T, =2 7
(b) T, = sinx sin y sin Z. (b)V T, =-3T,
(¢c) T.= e sindy cos 3z. (C)V =(25-16-9)T. =0 2 -
d) ve=xk+3x2§— 207k (d)V2v (Vzvx,Vzvy,V2v2)=(2,6,O) \_ 2 |
w Problem 1.33 Test the divergence theorem for the function v = (xy)X + 2yz) ¥ + FIGURE 1.30
(3zx) z. Take as your volume the cube shown in Fig. 1.30, with sides of length 2.
=(xy)§(+(2yz)§7+(3zx)A V-v=y+2z+3x
IV vdt —j J- J- y+2z+3x dxdydz —J‘ J. YXx2+2zx24+— 3 x4jdydz —( jx2><2><4 48
2 02
c_f> da = j j ydydz+j j ydydz+j . zdxdz+j j zdxdz+j j (0) xdxdy+j0 jo 3(2) xdxdy
~ ;R ~ PR ~ ,
=O+8+O+16+0+24=48
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Problem 1.36

(a) Show that

/ f(V xA)-da= f [A X (Vf)]-da +¢‘ fA-dlL (1.60)
S S P
(b) Show that
/ B-(VxA)dr = / A-(VxB)dr +‘¢(A x B) - da. (1.61)
v % S
( )ij(VXA j Zf&'l]k (5 Ak)da —.SZ[Eykaj (fAk)_gijk (8Jf)Ak}da

:j [vx(fA)—(Vf)xA -dazgS fA.d1+jS "Ax(Vf)]-da

(b)j (VxA) dZ'—J- Z egi (0,4 )dr = jZ[ 50 ; (Bidg )~y (0B; ) 4 | d

:J‘V[V'(AXB)+A'(VXB)}ZT:qSS(AXB)'da+IVA'(VXB)dT
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Problem 1.38 Express the unit vectors T, @, ¢ in terms

* Eq. 1.64). Check your answers several ways (F - T
Also work out the inverse formulas, giving X, ¥,

sin & cos ¢

cos @ cos ¢
—sin @

sin & cos ¢

sin @'sin ¢

cosd

of X, ¥,z (that is, derive
1,0-¢=0Ftx0=6,...).
"in terms of T, @, ¢ (and 6, ¢). /1\ Z
sinfsing cosfd \(X i
cos@sing —sinf ||y |

COS @ 0

->

cosdcos¢g —sing

D>

cos@sing cos¢
—siné 0

<>

N\

and Tien Fu Yang 2023 Fall
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w Problem 1.40 Compute the divergence of the function
V= (rcos@)r+ (rsinf) 0 + (rsinf cos ) ¢. ?
Check the divergence theorem for this function, using as your volume the inverted >
hemispherical bowl of radius R, resting on the xy plane and centered at the origin B :
(Fig. 1.40).

V= (r COS 0)f+(r sin 9)6+(rsin6’cos ¢)¢3 FIGURE 1.40
1 ) .

1 2 :
V.v=—720 (r % )+ Op (sinBvy )+ Oy4(V
2 "] rsin@ 9( 9) rsin @ ¢( ¢)
1 3 ) 1 :
:r—zar(r cosH)+rSin080(rsm 9)+rsin08¢(rsmﬁcos¢)
=3cos@+2cosf —sing =5cosf —sin g
0 27 R 3
jV-Vdf =J‘ j (50086’—sin¢)r2drd¢d(—c030) :lR3 (107[)(lj _ 7R
290 Jo 3 2 3
27 (0 27 ¢R 3 3
v da=| (" rcos0r? sin6dodg|  + [ " [ "rsinorarag _ R34 2R _SAR
0o JZ 0 J0 o 3 3
2 r=R 0—5
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Problem 1.43 5
(a) Find the divergence of the function E
, . 92 ~ . ~ ~ 2
Vv=s(24+sin“¢p)s+ssingcose ¢+ 37z 2
= e
2 1 Yy
(b) Test the divergence theorem for this function, using the quarter-cylinder /
(radius 2, height 5) shown in Fig. 1.43. X 4
(¢) Find the curl of v. FIGURE 1.43

ov
+l ¢, ov,
s Os s 09 Oz

:2(2+sin2 ¢)+cosz¢—sin2¢+3=8

J}/V°Vd2' = 8x volumn =40z

qSA v-da= cJSA [s (2:+5in g, ssin gcos g, 32} (sddz, dsdz, sdsd )

fagp 1 face 5
face 2 face 3 face 4

=(jSAS(2+sin2¢)sd¢dz+ssin¢cos¢dsdz+3zsdsd¢=22(2x§ 4j><5+ 0 + O + 0 +3><5><2><E—4O7r
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1Y

Problem 1.43 5
(a) Find the divergence of the function 3
v=s(2+sin2¢)§+ssin¢cos¢d;+3z Z. . o
2 1
(b) Test the divergence theorem for this function, using the quarter-cylinder /
(radius 2, height 5) shown in Fig. 1.43. X 4
(¢) Find the curl of v. FIGURE 1.43

(c)VxV:KEZV; _aa"j),(%‘;q _a:zj%(%(sw)—%ﬂ:[0,0,%(Zssin¢cos¢—2ssin¢cos¢)}=O
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% Problem 1.46

(a) Show that

d
X E((S(.x )) = —8(x).

[Hint: Use integration by parts.]

[ f(x)[x%é(x)}dxz P, [ ()] (x)ate =~ (£ (x)  (x) ) (x)
- f(x)5(x)dx:>x%5(x)=—5(x)
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w Problem 1.46

(b) Let&(x) be the step function:

1, ifx >0
B(x) = ) (1.95)
0, ifx <0

Show that d8/dx = 8(x).

o=l ol

[ ()0 (5)ds = £ (1)), = [ ()0 (x)de = £ (e2)- |
= (9’(x) = 5(x)
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wLroblem 1.47

(a) Write an expression for the volume charge density p(r) of a point charge ¢ at
r’. Make sure that the volume integral of p equals ¢.

(b) What 1s the volume charge density of an electric dipole, consisting of a point
charge —g at the origin and a point charge 4+¢ at a?

(¢) What is the volume charge density (in spherical coordinates) of a uniform, in-
finitesimally thin spherical shell of radius R and total charge Q, centered at the
origin? [Beware: the integral over all space must equal Q.]

(a)p(r) =5 (r-r)
(b)p(r)=40"(r- )—q53( )

(c)0= J' Vdz = j g(R)S(r' = R)r? sin0'dr'd0'd g’
- [a(R)R% (2 )(zn>:>q<R>= = p(r)= o)
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wEProblem 1.49 Evaluate the integral

J=/€"(V 2)dt
v r

(where V is a sphere of radius R, centered at the origin) by two different methods,
as in Ex. 1.16.

J=| 7| v-L lar Sol.2:
1% 2 . A A
—I” r r —]/' _r r
Sol.1: sz e V. — dT:—j —-(Ve )dr+(j) e —-da
. v 2 Vrz s 2
J=\| e "4 (r)df:47r »
g J' £ _, smadrdedmcj) ¢ 25in0dOdg = —4ne O tare R —ag
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Problem 1.64 In case you're not persuaded that V2(1/r) = —4783(r) (Eq. 1.102
with ¥’ = 0 for simplicity), try replacing r by +/r? + €2, and watching what happens
as € — 0.'° Specifically, let

1 _, 1
D(r,e) = e Y

r2+e2
1 1 1 1 0 0 1 1 1 0 1 =
(a)D(r,8)=——V2 =— re = — ] p— (r2+52) 2 (2r)
4 . A 2 Or or| ;2 4 o2 Ax 2 Or 2
3
L —r3(r2+82) 2= L L 3r2(r2+82) 2—37’3(7'2+82) 2 (2r) —i(l’2+82) 2(r2+52—r2)
Ax 2 Or Ar 4r
2 2
=3i(1”2+82) 2
47
(b) lim D(O,g): lim 3 =0
e—0 5—)047;53
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Problem 1.64 In case you're not persuaded that V2(1/r) = —4783(r) (Eq. 1.102
with ¥’ = 0 for simplicity), try replacing r by +/r? + €2, and watching what happens
as € — 0.'° Specifically, let

1

D(r,e) = ——V? .
4 r2 + €2
. 5
2 3 2 2\ 3 2 2
() lim D(r,&) = 1im3i(r2+52) 2 = lim =21+ E | T S im 2122
e—0 g0 41 -0 472'1”5 7 -0 47[1’5 2 ,,2
1 1 1 1
()[D(re)dr=-—[V"|V dr=——¢ Vv .da
472' rrz +€2 472' V' —>0 rrz +82
3 3
3 2\,
__ L (—r')(r'2 +82) 2 12 5in0'd0'd¢’ = 1+ =1
A Jr'—owo ,,'2 ,
V' —>0
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