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Problem 3.11 Two semi-infinite grounded conducting planes meet at right angles.
In the region between them, there is a point charge g, situated as shown in Fig. 3.15.
Set up the image configuration, and calculate the potential in this region. What
charges do you need, and where should they be located? What is the force on ¢?
How much work did it take to bring ¢ in from infinity? Suppose the planes met
at some angle other than 90°; would you still be able to solve the problem by the

Vi

b

/

P

method of images? If not, for what particular angles does the method work? V=0
Image charge: ¢’ = —q5[r — (—a,b)] — qé[r —(a, —b)] +qo [r —(-a, —b)} FIGURE 3.15
2 2 2 2
F = L. 1 7~ 1 > T ! 2:6] (_ 12_ 12+ 21 2
0 | |(a,b)—(-a.b) |(@.b)-(a,-b) |(a.b)-(-a-b) | o\ 4a” 4b° 4a”+4b
e 11 1 . .
W =—x —— The field is only created in first quadrant

More angles: 120°, 180°
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Problem 3.13 Find the potential in the infinite slot of Ex. 3.3 if the boundary at
x = 0 consists of two metal strips: one, from y = 0to vy = a/2, 1s held at a constant
potential Vj, and the other, from vy = a/2 to y = a, 1s at potential — V.

(i) V=0 wheny=0 (iii) V= (y) when x =0
(ii) V=0wheny=a (iv) V—>0asx—>o

vy = O—L£+li—O:>V(x ¥)= X (x)¥ (v) =( 4e™ + Be™ )(Ce™ + D)
X ax* Y ay*

(iv):  4=0=V(x,y)=Be™ (ceiky +De—iky)
(i) ; C+D=0= V(x,y) = Be_ka(eiky —e_iky) = Be_ka'sinky

ni

(ii): sinka—sin(—ka) 2sinka=0=k=— n=1,2,3---not 0
a
o0 nx
:>V(X,y)=ZCne_ * sin2Y
a
n=1
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Problem 3.13 Find the potential in the infinite slot of Ex. 3.3 if the boundary at
x = 0 consists of two metal strips: one, from y = 0to vy = a/2, 1s held at a constant
potential Vj, and the other, from vy = a/2 to y = a, 1s at potential — V.

o0 - VO ,O<y<£
(iii): > C,sin"E = 2
n=1

a a
—V ,—<y<a
0 5 Y

~

a

® X0} 4 a ! a ! V ] E ] a
ZCn sinnﬂysinnﬂydyzﬁCn@mr=j2Vosinnﬂydy—j Vosinnﬂydy:a,—o —cos 2 4 cos 2L
— JO a a 2 0 a % a nim a |y a l|a
= 2
V. ' ' V , '
=a,—0 —cos%+1+cosn'ﬂ—cosMJ=a,—0[1+(—1)n —2cos%}
n'rw n'rw
8V
2V, n nr] | =Y ifn=2,6,10,---,4m—2,---
=C,=— 1+(—1) —2COST =3 nr
nr 0, 1f n else
(4m—2)7rx
o0 >~ 7
8V0 — a . (4m—2)7ry
:V(x,y)—n;(4m_2)ﬂe sin .
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Problem 3.16 A cubical box (sides of length a) consists of five metal plates, which
are welded together and grounded (Fig. 3.23). The top 1s made of a separate sheet
of metal, insulated from the others, and held at a constant potential Vj. Find the
potential inside the box. [What should the potential at the center (a/2,a/2,a/2)
be? Check numerically that your formula is consistent with this value.]'!

Focus in the region inside the cube, we have B.C:

(i) V=0whenx=0 (iv) V=0wheny=a

(ii) V=0whenx=a (V) V' =0whenz=0

(iii) V=0wheny=0 (vi) V=V, whenz=a

2 2
V2 O_ldX 1d’y 1d°Z_
X dx? Y gy? Zd22

= V(x,y,z) = X(x)Y(y)Z(z) = (Aelax +Be_iax)(Cei'By +De_iﬂy)(Ee7/Z +Fe_7z)

(i):A+B=0=V(x,y.2) = A(eiax _e—iax)(...)(...) = A(2isin aa)(--)(-+)

N\

nr n7rx
2i 0 = =1,2,3,. V 4, sin—
(ii): 2isinaa=0= a = > n=L2 =V (x,p,z Z Sin (=) (=)
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Problem 3.16 A cubical box (sides of length a) consists of five metal plates, which
are welded together and grounded (Fig. 3.23). The top 1s made of a separate sheet
of metal, insulated from the others, and held at a constant potential Vj. Find the
potential inside the box. [What should the potential at the center (a/2,a/2,a/2)
be? Check numerically that your formula is consistent with this value.]'!

(111)’(1V)ﬂ :m_ﬂ.ﬁ m :172939000 — V(xayaz) = ZA,,Z sin nrx Bm sin mry (“-)
a

a a
nm
(V):E+F=0=V(x,y,z ZA sin Bm sin Y E(eyz —e_7z) = ZAn sin B, sin nEy E(2sinhyz)
a a a
nm
= Z C,, Sin M2 sin 22 sinh 7z
a a
. TX . MITY .
\%! x , sin sinh ya =V,
(vi):V (x,5.a Z p /4 0
/ ! 2
jz C,,, sin an sin mZy sinh yasin k Zx sin m;zy dxdy = %5nnf5mernm sinh ya
nm
n'rx . m'nmy 2a 2a n’7zx|a m'zyl”
= J-VO sin sin dxdy =V ————cos cos
a a n'rmr a |0 a |
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Problem 3.16 A cubical box (sides of length @) consists of five metal plates, which
are welded together and grounded (Fig. 3.23). The top 1s made of a separate sheet
of metal, insulated from the others, and held at a constant potential Vj. Find the
potential inside the box. [What should the potential at the center (a/2,a/2,a/2)
be? Check numerically that your formula is consistent with this value.]'!

: 2a 2a n'zx|  m'zyl
(Vl) : V(x,y,a) =Vy————cos cosS
nmwmrn a | a |
(2
4a VO .
a a n m' ———— ,if n’ and m’ both odd
=V——[ -1 —1}[ | —1]:< )1 207
0 B —- ( ) ( ) nmi
0 ,else
16V, .
= Cppy =——5— ,if n’ and m' both odd
nmz” sinh ya
both odd 16Vy . nzx . mmy sinhyz T [ 2
:>V(x,y,z)= Z sin sin . y=—A\n"+m
~ p—— a a sinhya a

both odd both odd ya

inh 74
msr Sinh =

a a a 16Vy . nm . 16V n+m 1 sinh 5 1
Vi—,—,—|= sin —sin = 1y 2 T2 Ly
(2 2 2] 2 277 2 7 2 sinhya 2 > (-1) 6 "

nmit Sinh yva

nm nm e
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n m Results
1 1 0.173773
1 3 -0.00376
3 1 -0.00376
3 3 0.00023
1 5 0.000108
5 1 0.000108
3 5 -1.1E-05
5 3 -1.1E-05
5 5 9.73E-07
1 7 -3.5E-06
7 1 -3.5E-06
3 7 4.92E-07
7 3 4.92E-07
5 7 -6.3E-08
7 5 -6.3E-08
7 7 5.84E-09
SUM  0.16667




Problem 3.20 Suppose the potential V(#) at the surface of a sphere is specified,
and there is no charge inside or outside the sphere. Show that the charge density on
the sphere is given by

o0
o(f) = j Z (21 4+ I)EC; P;(cos ), (3.88)
T 1=0
where
C, = f Vo(@) P(cosB)sinb db. (3.89)
0
1 1

V2 =0=—0, (26,7 )+ 0y (sin60gV ) + ———— 03V

r r<sin@ r sin“ @

_ 1o (2 : 1
v (r.0.6) = R(r)0(0)®($) = —, (0,R)+ @smea@ (sin 00,0) + ——— ea¢q> 0
| | Lo, (20,R)=1(1+1)
azimuthal symmetry: 8¢(D =0=—0, (rz('?,,R) +———0y (sin 6’89(9) =0= R i
K Osind 0y (sin 06,40 =
(Osind

MS

=1 (0)=R()0(0)= 3 [ 40"+ [ 7 cos0)
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Problem 3.20 Suppose the potential V(#) at the surface of a sphere is specified,
and there is no charge inside or outside the sphere. Show that the charge density on
the sphere is given by

o) =55 Z (21 + 1)2C, P(cos @), (3.88)
=0
where
C, = /H Vo(@) P(cos @) sind db. (3.89)
0
V (r.6) = R(r)©(6) = Z(Alr ; ZBIJ[PZ(COSQ)]
[=0
r>R: r<R:
( o0
r—>0:V=0=>4=0=>V= Z b (cos®) r—)O:Visﬁnite:>Bl:O:V:ZAlrlPl(cosé’)
< ot < 1=0
o0 B o0
r:R:V:Vg(H):ZI—lHPI(cosé’) I/'ZRZV:VH(H)ZZAZRIPI(COSH)
1—o & \ 1=0
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Problem 3.20

r>R:
IVQ ) By (cos8)sin6d 6 = j—PI (cos @) By (cos@)sinOd6 = 5 _2 oy
Rl 1 Rl+1 2] +1
[+1
< = B = 2+ R™ IVQ ) B (cos8)sinfdl =V = Z 2+ R = Ch (cos®)
k & g 1=0 -
r<R:
© [
{Al = 2l+ll C=V= Z 2+ r—lClPl (cos®)
2R = 2 R
Discontinuity:

0,V outside (R) =0, Vinside (R)

}":

o(0) 20+1 R R
R 50):2 {—(Z+l) —1 l :|CIPZ(COSH)

> 2[+1
Z CIPI cosd)
[=1

:-32; (21 +1)* C; B (cos 0)
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Problem 3.27 A sphere of radius R. centered at the origin, carries charge density

V(r) =

1

Y
4}"[(__'0” r(rH—])

=0

[(r’)"Pn(cosa)p(r') dt’,

R
p(r,0) =k— (R —2r)siné,
)

where k is a constant, and r, @ are the usual spherical coordinates. Find the approx-
imate potential for points on the 7 axis, far from the sphere.

. 1 - 1 A ' R r\ .: ' '

rll_I)IOIOV(l‘) = rp nEZO ) j(r )" P, (cos® )kﬁ(R—% )sin@'dr
: 1 - kR R N\ (R_Zr’) 12 ! a ! : r _: / ! 272- !
:rh—r>IOIO P nE: r(”+1) jo (r) Tr dr JO B, (cosd')sin@'sin G ngjO dg,

OOOOOOO0O00

o0

n

r—w drgg (1) (n+1 n+2

0
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R 2
: 1 R R 2 7 '—1
lim E k ( Pl r'"+2j -[0 Oy 0 +€080'6, 1 + 3cos 2‘9

o)

n’

5 Fe

sin® 9'dd' (27)

(3.95)



Problem 3.27 A sphere of radius R. centered at the origin, carries charge density R
V(r) = (r")" Py(cosa)p(r')dt’, (3.95)
R 43‘[(—'0;!‘(”4‘“[
p(r,0) =k— (R —2r)siné,
}.*._
where k is a constant, and r, @ are the usual spherical coordinates. Find the approx-
imate potential for points on the 7 axis, far from the sphere.
n=0 . n=l !
1 R R
kR T . kR( R 2 a :
—(Rr’—r’2 )‘ j sin@'sin0'do’ +—| —r'? == j cos8'sin” 0'd 0’
i 0,70 2 3 y
= lim — = =0
F—»00 280 n=2
1 1
R 2 00
kR R 2 73cos” 0'—1
+—3 EI"B —gl"’4 J. 7 SlIl2 9’d0’+Z(...)
0
|7 0 n=3 i
5 o0 2 pS
: 1 | -1kR™ ¢7(, . : 1 1 kx°R
= lim 3 j (2sm2 0’ -3sin” (9’)d(9'+2(...) R 3
r—>o0 280 12 7 LO . S =3 472'5'0 48 7
7\ 337 )—_7
B _2(2) 3( 8 ) 8 _
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Problem 3

charge
o(f) = kcosb,

where k 1s a constant and € is the usual spherical coordinate.

(a) Find the potential in each region: (i) r > b, and (ii)a < r < b.

0 Bl">b 0 b l
>r>a
Vr>b (r:b):Vb>r>a (I”Zb)iz ] IDI(COSQ ZZ Al b +
[=0 b /=0
B, ;BT b b 20+1 | pb
>r>a r> >r>a + >r>a

= L= P L= BP = 4P B

b b

o0 b l Blb>r>a
>r>a
Vb>r>a (I/':CZ):VO :Z Al a +T IDI(COSQ)
=0 a
( Bb>r>a _
b>r>a 0 . Bb>r>a
AO + — 70 b>r>a .

| a A s 2,

- b>rea | B ~ p>roa 2 1a b
>r>a # _ >r>a 21+ >r>a
dzo @ +—— =0 4% + Bz =0
L a

.43 A conducting sphere of radius a. at potential Vp, is surrounded by a
thin concentric spherical shell of radius b, over which someone has glued a surface

b>r>a
L/ B (cos 6’)

bl+1

V(r,@)zi(

[=0
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Problem 3.43

aVr>b _ aVb>r>a __ 6(9)
al" l":b 57” I":b go
0 }">b o0 Bb>r>a k cosS 9
Z (l+1) £ (cos0) —Z 14p>">4 (1+1)T P (cosf) =- -
=0 r=b 1=0 ’ r=b 0
. 7 o oo ) e i Br>b Alb>r>ab2l+l+Bb>r>a
T s T e B b>r>a
— % b b 0 A(I))>r>a B — V
[+1 r>b /-1 b>r>a [+1 b>r>a _ 9 a 0
7 Bt I A 2 Bt =0 b>r>a 21+ _ pb>r>a
. D b Aizg + B2 =0
[=0 =1
Br>b _L(;ﬁ _a3)
Br>b Ag>r>ab_|_Bb>r>a Br>b _ aVO Br>b Alb>r>ab3 +B1b>r>a 1 380
J_ 12 6>b +L2 (Z)7>r>a — 0= A(Z))>r>a —0 J_ 23 1r>b . 1b>r>a +%Bb>r>a _ _ij A1b>r>a :L
b b Bb>r>a aVl b b €0 380
b>r> =&V b 3 b 3
Ag>’,.>a s BO r>a _ VO A >r>a 4+ B >r>a O Blb>r>a _ a k
L a 380
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Problem 3.43
Br>b Alb>r>ab2l+1+Bb>r>a

( b>r>a Bb>i">a 2 1r>b . 1b>r>a +i 1b>r>a :_i
] 4o T =" ) s b3 &
Alb¢>0r>a 21+1 +Blb¢>0r>a ~0 lil—:; B;;?lb b= 1A1b¢>lr>a é;—r; Blb¢>1r>a o
[+0,1 ‘
ot A -
<Alb¢>0r1>a 2[+1 _|_Blb¢>0r1>a _ O — ) Blb¢>0r1>a Alb;t>0r1>aazl+l

bl+2 l;tOI l;tOl [#0,1 10,1 bl+2 bl )

Br>b Bb>r>a Ab>r>a 0

10,1 — P£0,1 [#0,1 ~—

_ [+1 r>b lbl -1 b>r>a l"‘l Bb>r>a —0 Ab>r>a |:_ [+1 (b21+1 2]+1)_lb1_1 [+1 21+1} ~0

\
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Problem 3.43

470 =0
) B/>? —L(b3—a3) o
5b = av, 389 =01 =0
) A(l))>r>a ~0 ) Alb>r>a _ % ) Alb¢>01:1>a —0
b 0
By T =aVy Bk \szforja =0
Blb>r>a __un
\ 380
r b —a’ )k cosd
CZVO (
= B r 3eqgr b
V(r,@):Z(Alrl +l—lleZ(COS(9)—< 0
=0 4 aV. (r3 —a3)k0030
0 5 , b>r>a
r 380]"
L
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Problem 3.43 A conducting sphere of radius a. at potential Vp, is surrounded by a v (b3 —a3)kcos9
. : . . : a

thin concentric spherical shell of radius b, over which someone has glued a surface g 5 , r>b
r

charge V(r,0)= 3gor

aV, (V3—Cl3)kCOS(9
o(0) = kcos#, + 3 , b>r>a

r 3501"

where kK is a constant and € is the usual spherical coordinate.

(b) Find the induced surface charge o;(€) on the conductor.

3 3
o; (6) Kz _2(a —a )kcos@ 302k cos O

oV, oV
—hrrra) oI . 3 + . = 0;(0)="""~kcos
6]" r=a 80 a 38061 38061 a
(c) What is the total charge of this system? Check that your answer is consistent
with the behavior of V' at large r.
£0Vo

0= j o (6)b? sin 0dOd + j o, (0)a® sin 0dOdp = j kb2 cos Osin 0dOd  + j ( —kcos ej a? sin 0d0d¢ = drasyV,

a

(b3 —a3)kcos<9 3 av,

aV;
U 5 ~
r

lim V,., = Iim
F—>00 r—>0 r 380]/'

. : . . 1 1 4 V V
Regarding this system as a point charge with Q = 4rwagyl}y : V = Q. %% _ 270
drey v 4reg r r

Electromagnetism Chap.3 TA: Hung Chun Hsu, Yi Wen Lin, and Tien Fu Yang 2023 Fall

, same.



Problem 3.54 For the infinite rectangular pipe in EX. 3.4, suppose the potential on
the bottom (y = 0) and the two sides (x = =£b) is zero, but the potential on the top
(v = a) is a nonzero constant V4. Find the potential inside the pipe. [Note: This is a
rotated version of Prob. 3.15(b), but set it up as in Ex. 3.4, using sinusoidal functions
in v and hyperbolics in x. It is an unusual case in which & = 0 must be included.
Begin by finding the general solution to Eq. 3.26 when k = 0.]%°

(— | " coshinmx/a) . -
7 In: . USING ¢ -
[Anmu Vo (a + = 2y i coshGinb/a) sin(ny/a) ). Alternatively, using sinu

) sinh(ce,

M) cos(a,x), where
op amh{csna n

2V,
soidal functions of x and h}’pEI‘bDllCS iny, —=% Z”_

o, = (2n — l):rr/l‘::v]

2 2
L S i SN Y =5 i e
X dx? Ydy2

Acoshkbsinky =0

i No Fourier's trick
Acosh kxsinka =V 0 Fouriers tric

=V = Acoshkxsinkyj{

VA

Example 3.4.

V=0
a

Vo

=

s
V' =0whenx=-b
V=0whenx=5
V=0wheny=0
V=V, wheny=a

=V = ZXk . = COnst. +(ax+b)(cy+d)+exy+Z(Asmhkx+Bcoshkx)(Csmky+Dcosky)

J

k 0 k#0
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Problem 3.54
V = ZXkYk = const. +(ax+b)(cy+d)+exy+Z(Asmhkx+Bcoshkx)(Cs1nky+Dcosky)

k 0 " k=0
(iii):consz.+(5x+5)(07)+Z(Zsinhkx+§coshloc)(5):0:>a:E:o ,const.+bd =0
k+0
:>V=Ezy+zxy+Z(Zsinhloc+1§cosh1a)(5sinky)
k+0
(iv):bea+eax+ Y (Asinhkc+ Beoshkx)(Csinka)=Vy =& =Csinka=0 k=" bea =V,
k+0 ¢
nTxX | . ATy
y+Z(A smh—+B cosh7js1n »

(i) V =0 when x = b
(ii) V =0whenx=>b
(iii) V=0wheny=0
(iv) V=V, wheny=a

Electromagnetism Chap.3 TA: Hung Chun Hsu, Yi Wen Lin, and Tien Fu Yang 2023 Fall



Problem 3.54 1) V =0 when x = -b

(
y+Z(A smh—+B cosh@]sin nry Eii) V =0 whenx =b
(

¢ ¢ iii) ¥ =0wheny=0
) iv) V=V, wheny=a
y+Z(A 51nh@+B cosh—jsinm[y:() A4, =0
() () a a o b ;
1),(11 :< =3 nrx nry 0
B, (cosh—jsm =——y
y+z —4, Slrlh@+B cosh@]sinm[y=0 ; a a a
a a a
:>jsmnﬁyZB coshn—MJsin—ydy———jysinnﬂydy
a a
Vo 2 a a )% 2 W
= B, cosh b _ N2 —iycosmzy | Leos 2 =20 4 (—l)n =—0(—1)n
a a a nrw a |o 0 nr a 612 ni i
2V, n cosh#% 7 & (=1)" cosh2zx
y+z 0 ( < in™ l+_2( ) ¢ in?7
COShnTEb a a mw'= n cosh% a
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Problem 3.54

(i)
2y b .
V2 = — Ld°X +ld—§—0:>V Zsm x+ C, sinh nry (11)
X 42 Y dy 2b (iii)
17 x+b) . nza (iv)
h— =7V,
lV —>Z sin > 0
b b b b ' b
:>I sinnﬂ(er )ZC” sinnﬂ()ﬁ_ )smh@dx VOI sinnﬂ(er )dx
—b 2b . 2b 2b —b 2b
0 if n even
.. nra 2V : nizx 2V 2b ’
p e j - 1—
= C, sin > > > dx' = > n7r( COS nﬂ) 4VO ifn odd
ni

S1n

nia
nodd T sinh 2k 2b

Loy Bt (e
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V=0 whenx=-b
V=0whenx=5
V' =0wheny=0
V=V, wheny=a



Problem 3.54 (1) 7V =0 when x = —b

: . (2m-1 K
v Z 4V, sinh 5> nx(x+Db) i 47, smh% _(2m=1)x(x+b)(ii) V=0whenx=»b
- S = sin
nodd "7 sinh 2b m=1 (2m—1)7 sinh% 2b (%“) V'=0wheny =0
1V) V=V, wheny=a
- 2V, sinha,,y . (2m-1)x
:Zba sinh asmam (x+b), Fm = 2 sin(A + B) =sinAcosB + sinB cos A
m=]1_—~M m
o0 .
2V h , 2m—1)rx (2m-1)x
= 0 2% sin amxcos( ) +cosamxsm( )
— ba,, sinha,,a L 2 L )
] =0 :_(_1)m |

(—l)m sinh,,

2Vy <
= ——OZ : Y cos a,, X
b a,, sinha,,a
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Problem 3.56 An ideal electric dipole is situated at the origin, and points in the z
direction, as in Fig. 3.36. An electric charge is released from rest at a point in the xy
plane. Show that it swings back and forth in a semi-circular arc, as though it were a
pendulum supported at the origin.?®

Egip (7.6) = L(2 cos Or + sin 96)

472'807"3
F=gEg, = LZ,(Z cos dr +sin (96)
dregr
mv* 1
F=mgz+T T+mgcosf = , Emv2 + mgr cos 8 = const.
r
2
2 0
7= —mgcosf = Mereos —mg cosd =mgcos b
r r

=>F=mgz+T= mg(cos or +sin«9§)+mg cosOr = mg(ZCos Or +sin0€))
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Problem 3.7 Find the force on the charge + ¢ in Fig. 3.14. (The xy plane i1s a grounded conductor.)

To keep V' =0 on the xy plane = need two 1mage charges: charge 2g at (0,0,—d) and charge —g¢g at (0,0,-3d)
.. Force on charge ¢ becomes

2 2 2 2 ¢
P | —2q2+2q2+—q2 . 1 —q2 29 3d $+q
amey | (2d)”  (4d)”  (6d) dreg d° T2 . B
/r"d —Zq ,,."'J
Problem 3.8 /{,-’ o 7 -
(a) With (3.15)-(3.17) + Law of cosine, it's straightforward. N /_ 5 /’Q\ )
X V=0
oV
(b) Induced Surface Charge o = —gg — FIGURE 3.14
on r=R
24*
gl ——2R 9
ov 11 ( R ) . (r? -a?)
on " Az, 2 3/2:>G:47zR 3/2
" lr=R 780 (R2 +a® —2aR cos «9) (R2 +a® —2aR cos 6?)
P9 g 1 302
a J q'z_.‘c)'R2 sin8d9d¢:4i(R3—Ra2)-2ﬂJ- 1a’x(Reraz—2asz) :—ﬁq
4 - a

Consistent with (3.15)!
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Problem 3.8 4 (x’y)
. ' /] &
—Rq” 1 Rg* 1
@W=[Fa= [ Fdr =
7 A (r2 —RZ) ey a” — R /@/ /’/_% _
/}\‘Uﬁ EQ% "
Problem 3.12 Two straight parallel pipes

(1) Symmetry: V =0 at the center Vo Vo
(2) Circular pipes: Consider two thin straight lines E = if =V = lim A In|= (Prob 2.22)
2rgy ¥ s—ow 27EY  |a
VeV, 4V = - o B @) +
2y 4 47[50 ( )
2.2 2.2
x+a) + x+a) +
Equi-potential ¥}, constraints: V) = £ n ( )2 A SN ( )2 Y _ (470h0/2) _ k= Const.
47 (x—a) +y? (x—a) +y?
— x% +2ax+a’ +y2 = k(x2 —2ax +a’ +y2) — x? (k—1)+y2 (k—l)+a2 (k—l)—2ax(k+1) =0

k+1

2

= X+ y +a* - 261){ j 0 <= Two boundaries of the pipes are circles: (x - X )2 + y2 = R?
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k+1

Problem 3.12 Two straight parallel pipes //§ f:\\
X2 +y*va® - 2ax(k—j = 0 <= Two boundaries of the pipes are circles: (x —x )2 +y% = R? \ |

2 2 2
{x—a(i_i_iﬂ +y2=(a%J —a2<:x0=a(]]z+1j:d &Rzzazl(ﬂj 1}361\/@’2122

2 2 2

) _ ) A x+a) + at+x) +

Recall: Equi-potential ¥}, constraints: V) = In ( )2 A SN (a+x) +y = 4700/4) _ e — Const.
47 (x—a)” + s

k+1 e(47ngV0/i) +1 cosh (272'6‘0V0 //1) 0 2regV d
= = =CO —_— m | = —
k=1 J(4m0h0/4) sinh (27g0V; /A a

V[ k+1 2_1_ 4k 4 _
k-1 - 2 (4regVy/A) ~(4megly /) _ 2 eV,
(k-1)" e —2+e |:e(27r80V0//1) Y (272501/0//1)} <inh2 0"0

\ A
( 2
d:acoth 27[8—01/0 /d2_R2 + x +y
A d %w&@ bﬁ&% %
— = —=cosh| ———— |=> A = 1 =V = ; In 5
_ 1 R A cosh™ (d/R) 2cosh™ (d/R) 72 _R2 D)
sinh (27g4V; /A B B
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Problem 3.19

Azimuthal symmetry X B
Laplace equation: V2V =0 = V(r,@) = Z(A[r +—= jPZ (cos )
£=0
Given: V' (R,0) =kcos30 = k(4 cos’ @ —3cos 6’) = k[aP3 (cos @)+ BR (cos 6’)} < -+ 0dd function!
{Recall: F (x) =0, A (x) =x, P, (x) %xz —%, B (x) = §x3 —%x}

~V(R,0)= %[8}’3 (cos@)—3R (cos 6’)]

r r

B B
=V (r,0)= (Alr +_21jPl (cos 9)+[A3r3 +—ij3 (cos®)
er-n should be finite when r — 0= V;,, = 4R (cos 6) + APy (cos ) V(R,0) = kcos30

= (Based on physics!)

. B B
V., should be finite whenr > 0=V, = —1L — A (cos 9) + = YR (cos «9)
r? r

N

' B . ( . 3
AIR:—;— 53k V., :53—1];’/}’1((:os67)+—8kr3 P3(cos9)
Continuious constraint on the surface: V;, OW‘ = < R — SR
=R~ "outlr=R 3_By 8 _3kR 8kR*
AR =2k |y R (cos@)+—— P (cos )
3 R4 out =———H (cos ) 7B (cos
L 5r 5r
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Problem 3.19

3k 8kr
| I/m — S—R})l (COS@)‘FS?% (COSH)
_3kR? SkR*
\Vout = 5,2 Pl(cosH)Jr 5,4 P3(COS(9)

To obtain the surface charge density
ov,

= recall that radial derivative of V' suffers a discontinuity at the surface. —2 — 1 S
or |._ or |._ &g
r=R r=R 0
k
~.o(R,0)=¢ —%Pl (cos@)+ ﬁ]% (cos@) |= £0% cos 9[140 cos” 6 — 93}
5R 5R 5R o
Problem 3.23
) 5,
2 Vi, =ZVZTPZ(COS¢9)
VIV =0= ZZ: , <= Finite fact of physics
Vour = ) A" By (cos 6’) i1
; B.C.1: Viy| _ o =Vour|._p = Bo = 4R™" 5
Beo: You| Vi o o(0)= ZEO (2¢+1) 4,R* ' P, (cos 0)
or =R or =R o 7
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Problem 3.23

_ -1 !
0(6?) = ZZ:EO (2£+1)AZR By (cos 0) jpg (cos0) By (cos0)d (cos§) = 2£2 15{ ,
1k
Now, the coefficients can be determined by Fourier's trick: =
j G(@)PZ' (cos H)d(cos 9) = J Zgo (2( + I)AZRZ_l.PZ (cos Q)P[ (cos Q)d(cos «9)
-1 -1 /£
T
1 1 1 20+1 :
= Ay = o 2041 g J‘G(Q)PE (cos@)sinOd O
Recall the given surface condition
/2 7 1 0
Ay == [ Pi(cos)sin0d0~ [ F(cos)sin0d |=—0—| [ B, (x)dx— [ By (x)dx
280R B 0 280R B
/2 0 -1
U ( o
0, 1fflseven Ay=As = Ay = ... —0
= Ag = éljpf dx if¢isodd A1=&,A3= _002,145_ 604, ------
KL 2¢9 85 R 165y R
B, = AR = B — ook’ By = ~ooR> . Bs = ooR’
&0 880 1650 —O
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Problem 3.28

el

Multiple expansion: V(r)

o dr =

47[50 47

4 Z r=(rsinfcosg,rsinfsing,coso)

(1)7’120: V():
(2) n=1: ¥ =
ON .y
¢” (3)71:2 Vz—

r'=(Rcos¢’,Rsing’,0)

Generating function of Legendre polynomials

2 o P
dt’
' ’ ne
Z( ] cosa (r )dr l.»
l"l', . [ . . [
cosa:| ” ,| :sln9(00s¢cos¢ +s1n¢sm¢)
r||r
1 1 27 A R
- Ndr' =V, = —|  ARd¢'=——RP, 0
472'50 r p(r) ! 72'80 7’"“ ¢ 250 r O(COS )
1 27
rp r2 R(cosa)ARd¢' =0
3
1 27 _~( 3 2 1 A (R
ro r3j R (ECOS a—E]/Iquﬁ __E(_j P, (cos0)
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Problem 3.44 e g
|T=
’ r
Multiple expansion: V(r) _ J.l I Z( J cosa (r’)df' e

472'80 472'80

o0

a | A 1
cosa idz = j cosa dz = 1
47250 j Z( j drg Z n+l 4rg, Z n+l

n=0" n=0"

I= I cos - 0))dz+I:z”Pn (cos®) dz:j y'P, (—cos@)(—dy)+f:z”Pn (cos0)dz
a
" al’l+1 Q 00 1 " al’l+1
== [H(—l) }Pn (cosO) = V= r— % wE [1+(—1) }Pn (cosO) 1
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Problem 3.29
Observe this system at points far from the origin = (,,, = 0 = No monopole! ¢ 3¢
.. First non-vanishing term is dipole term. = p = (3qa — qa) zZ+ (—2qa —2q (—a)) y=2qaz a
A a a
] . ] 2 — e o =
= pe pr_ gacosf B B
471'6'0 r2 472'80 7'2 a
Problem 3.32 x re
: . 2 1 3 0
(a) monopole: 2¢g dipole: 3gaz =V = 7 4 90608 N, ,
47[807" 471'80 ]/'2 P= jl’ ,O(I' )dT — ZQiri
. L . _ 2q 1 gacosé =1
(b ) monopole: 2¢ dipole: —ga (_Z) =V= 4reyr T Arey 1> Collection of point charges
: . 2 1 3gasinfsi
(c) monopole: 2¢g dipole: 3gay = V = 1 4 chi sz sl
dregr 4rs r ) = (¥o(rNdr' = [(r'— Ndz'
___________________________________________________________________________________ yh p p(r ) 4 (r a)p(r ) 4
. #Comments on moving the origin (charges): | — [ o(e"Ndr —al o(r'\ds = o —0Oa
' a. Monopole moment doesn’t change, since the total | " " _[ P ( ) J‘ p ( ) p-0
: charge 1s independent of the coordinate system. &
' b. Dipole moment changes when the origin is shifted '

if and only if the total charge is non-zero.

§
=y
=Y
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Problem 3.49 Correct form for dipole field E ;;,

Before going to the detail of the problem, let's examine the case on the handout.

On page 60, it's given that E = P (2 cos @r +sin 6’9)
Arcegr
0

If you consider the case at the origin, the dipole field blows up at » = 0.
Recall the way we did in Chap.1 = introduce the dirac delta function 6 (x)
L 3(p-F)f-P p
= Edip - 4 3 B 0 (l‘)
TTE( 7 380

Now, go back to the original question, where the surface charge density o = kcosé
First tackle the problem by multiple expansion: by symmetry, the dipole moment is clearly along z — axis.

47 Rk .
Z

= p =12 z0da = 2{(Rcos)(kcos0) R sin 00 -

1 pr 47 Rk cosO B

= Viip.out = 1 5 3 5~ = Vexaer < All multiple moments, except dipole, of this distribution are ZERO!
’ 72'50 7 7
e kr kz k . p
Recall eq. (3.86), the potential inside 1s V' =—cosd=— > E=——127Z=— 3 < Blowupas R —> 0
3¢ 3¢ 3¢ drgoR
Consider its volume integral: jEd T = —% < Independent of R!= Match the delta-function term!
€0
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