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Problem 6.4 Derive Eq. 6.3. [Here's one way to do it: Assume the dipole is an in- Z4
finitesimal square, of side € (if it’s not, chop it up into squares, and apply the argu-

ment to each one). Choose axes as shown in Fig. 6.8, and calculate F = [ f(fz'l x B)
along each of the four sides. Expand B in a Taylor series—on the right side, for in-
stance,

0B
B=B(0,e,2) = B(0,0,2) + e—

Y 00,2 X
For a more sophisticated method, see Prob. 6.22.]
F=V(m-B)..eq.(6.3)
:I.(a’le) dl = dxx +dyy +dzz m = £2%
¢ 0 0
1 :(dy§7)xB(O, »,0)+ r(dzz)xs(o,g,z)+ j (dv§)xB(0, y,8)+ j (dy&)xB(0,0,z)}
K g g
=] ';(dyﬁf)x_B(O,y,O)—B O YV, E j (dzz)x (O,g,z)—B(0,0,z)J}
e | OB £ OB
=I<J- (dyy)x B(O,y,O)—B(O,y,O)—g— +J. (dzz) x B(O 0 Z)+€—
0 0z l(0,y,0) | 70 0y (0,0,2)
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Problem 6.4

& &
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Problem 6.10 An iron rod of length L and square cross section (side a) is given
a uniform longitudinal magnetization M, and then bent around into a circle with a
narrow gap (width w). as shown in Fig. 6.14. Find the magnetic field at the center
of the gap, assuming w < a < L. [Hint: treat it as the superposition of a complete
torus plus a square loop with reversed current. |
K=Mxn=K=M
B MM _ K oM

torus Vs I I
3 _2ul  N2uKw N2 pgMw

square loop — IR - 71'(61/2) — 7[(61/2)

M 2 u,Mw 1 22w
_ Mo N<4Hp :ﬂOM[ ]

L 7(aj2) L

B

L wa
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Problem 6.13 Suppose the field inside a large piece of magnetic material is By, so
that Hy = (1/t0)Bo — M, where M i1s a “frozen-in"" magnetization.

(a) Now a small spherical cavity is hollowed out of the material (Fig. 6.21). Find
the field at the center of the cavity, in terms of By and M. Also find H at the
center of the cavity, in terms of Hy and M.

(b) Do the same for a long needle-shaped cavity running parallel to M. v

(c) Do the same for a thin wafer-shaped cavity perpendicular to M. (w) Sphere () Needle  (¢) Wafer
Assume the cavities are small enough so M. By. and Hy are essentially constant.

Compare Prob. 4.16. [Hint: Carving out a cavity 1s the same as superimposing an

object of the same shape but opposite magnetization. |

(a)Eq 6.16: By, :gyOM:B =B, —%,uOM ~H--B :lBO —%M =H, +M—§M =H, +%M

Ho Ho
(b)Bsolenoid = ponl = oK = oM = Bgpionoia = HoM = B =By — yyM = H = E

1
(C)Bloop :% =0 for R — large enough > B=By, > H=H;+M
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Problem 6.15 If J ; = 0 everywhere, the curl of H vanishes (Eq. 6.19), and we can

express H as the gradient of a scalar potential W: Basically, all the math
H=_-VW. part is the same as
"Uniformly Polarized Sphere"
According to Eq. 6.23, then, E—>H
) P—),LloM
VW = (V. -M), £ — Lo

so W obeys Poisson’s equation, with V - M as the “source.” This opens up all the
machinery of Chapter 3. As an example, find the field inside a uniformly magne-
tized sphere (Ex. 6.1) by separation of variables. [Hint: V - M = 0 everywhere ex-
cept at the surface (r = R), so W satisfies Laplace’s equation in the regions r < R
and r > R: use Eq. 3.65, and from Eq. 6.24 figure out the appropriate boundary
condition on W.]

“Potentials”: Y, M Y |
Win(r,0) =Y AirtPy(cos ), (r < R); Win(r,0) = ?rcosb’* = 3% and hence H;,, = —-VW;, = -y 7 = _§M’ S0
Wout(r,0) = 3 -1 Pi(cos), (r > R).

Boundary Conditions: B = uo(H+M) = (—%M—FM) _ ;#DM- v

{ (i) Win(R,0) = FVDut(R 6),

. i i
(i) —Weut | 4 OWin| = ML =Mz.§=Mcos,
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Problem 6.17 A current / flows down a long straight wire of radius a. If the wire
is made of linear material (copper, say, or aluminum) with susceptibility y,,. and
the current is distributed uniformly, what is the magnetic field a distance s from the
axis? Find all the bound currents. What is the nef bound current flowing down the

wire?
Ampere's law:

Copper is weakly diamagnetic, so the dipoles will line up opposite to the field.
This results in a bound current running antiparallel to /7, within the wire, and
parallel to 7 along the surface (Fig. 6.20).

mzl <
éH.dl:H(zﬂs):]f’enC:<7z_a2 , S<da
1/, s> a
(s - ( 1+ Is «
@, s<a ,uo( sz) , s<a
— H={274d —B=yH={ 27a
L 2 Hol »
—¢, S>a —@, S>a
L 27Ts |27
; I
Jy=VxM=Vx(y,H)=G=—y 1,
= ”a] :>Ib=Jb(7m2)+Kb(27m)=0
Kb:Mxﬁ:;(mef):—Zm izﬁszf
\ 2ra
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Problem 6.21

(a) Show that the energy of a magnetic dipole in a magnetic field B is

U=—m:-B. (6.34)

[Assume that the magnitude of the dipole moment is fixed, and all you have
to do 1s move it into place and rotate it into its final orientation. The energy re-
quired to keep the current flowing is a different problem, which we will confront
in Chapter 7.] Compare Eq. 4.6.

U:_';F.dl:_j;v(m.B).dl:_m.B(r)m.B(oo):_m.B(r)

o (9
= — V(mJ_B‘B)'dl‘FJ-ﬂNdQ,
2

o OO

¢ . 0
=O+I (lmxB|=mBsin0')do’ =(—chost9’)ﬂ =-mBcosf =-m-B

ya
2 2
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Problem 6.21

(b) Show that the interaction energy of two magnetic dipoles separated by a dis-
placement r is given by

U=-"——[m;-m;—3(m - )(m;-]. (6.35)

Compare Eq. 4.7.

Putting m,; at origin, B; = ail [3(m1 -r)r—ml]

U=-m, -B;=-m,- 4:33 [3(m1 -f')f’—ml} S [mz ‘my —3(m; -F)(m, lA.):|
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Problem 6.21

(c) Express your answer to (b) in terms of the angles #; and 6, in Fig. 6.30. and use
the result to find the stable configuration two dipoles would adopt if held a fixed

distance apart, but left free to rotate.

Ho T A
U:4 3_m2-m1—3(m1-r
Ty

47zr3 -

— m[cos(éﬁ ~0,)-

47zr3

)(m;-F)]

Ho _mlmz COS(@I —92)—3(7711 COS 01 )(le COS 02 )]

3cos b cos b, ]

= £0™1™2 (§in 6, sin 6, — 2 cos G cos 6, )

47zr3

=SR2 () (M)
A4y
=AMy ()

47rr3

= A2 (2)  (e)
drr

— %13””2(_2) (>—)
4rr

DAe « ™A%,
/
FIGURE 6.30

Stable

U _ Hommy (cos 6, sin 6, +2sin 6, cos 92) =0

00, 4>
= cos @ sinb, =-2sin b, cos b,

: 1 .
ou = 0= cos @, sinb, =—Esm91 cos 6,

00,
means cosd, sin@, =sinf, cost, =0
= sinf =sind, =0 or
cosf; =cos@, =0
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Problem 6.21

(d) Suppose you had a large collection of compass needles, mounted on pins at
regular intervals along a straight line. How would they point (assuming the
earth’s magnetic field can be neglected)? [A rectangular array of compass nee-
dles aligns itself spontaneously, and this 1s sometimes used as a demonstration
of “ferromagnetic” behavior on a large scale. It’s a bit of a fraud, however, since
the mechanism here 1s purely classical, and much weaker than the quantum me-
chanical exchange forces that are actually responsible for ferromagnetism.!?]

— = ) ) = = == == =)
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Problem 6.25 Notice the following parallel:

V.-D=0, VXE=0, E=D-P, (no free charge);
V.-B=0, VxH=0, pH=B— 1 ¢M, (no free current).

Thus, the transcription D — B, E — H. P — (M. ¢y — i turns an electrostatic

problem into an analogous magnetostatic one. Use this. together with your knowl-
edge of the electrostatic results, to rederive

(a) the magnetic field inside a uniformly magnetized sphere (Eq. 6.16):

The electric field inside a uniformly polarized sphere:
P M M 2

go P o (1M =—— = B=g,(H+M)== oM
380 3,Ll0 3 3
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Problem 6.25

(b) the magnetic field inside a sphere of linear magnetic material in an otherwise

uniform magnetic field (Prob. 6.18);
The electric field E, applied on a sphere of linear dielectric

and the field after polarized inside the sphere is a uniform field E :

E,
= P S P=¢g,7.E= uM = H
o (1+ 2,
—B=yu,(H+M) = 1+ H-= H
Ho ﬂo( Zm) 1+Zm/3 0

1+ y,,
But BO :,UOHO >B=—"">——B
L+ 2 /3
(c) the average magnetic field over a sphere, due to steady currents within the

sphere (Eq. 5

The average electric ﬁeld over a sphere, due to charges within the sphere:

1 p m
E -—— P der:>H j JMdz = —
ave dre, R3 47[50 R3 47z,uo R3 ArR>
m m 2 uym
:Bave::uO(H +Mave) Ho _4 R3+4 R3}_4 R3
T *r T
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|
: . : . |
Problem 6.27 At the interface between one linear magnetic material and another, |
the magnetic field lines bend (Fig. 6.32). Show that tan 6,/ tan 6, = 1,/ 11, assum- l

!

ing there is no free current at the boundary. Compare Eq. 4.68. 0, By
B.C:
Bl = Bz HZ

1K, =0=nl =gl —pl =L pl
\ H H

I /gL gl B2/ 8,
tan6?2:Bz/Bz _B _m |

I |
tan6, Bl /Bt Bl
FIGURE 6.32
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