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(a) (5 points) Compute A2,
(b) (5 points) Compute A~

1. Let A= ( _41) be a 2 x 2 real matrix.

2. (10 points) Let A = (Zu Zm) be a 2 X 2 real matrix and suppose that A has an
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Prove that A = AT, where AT is the transpose of A.
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3. Let A= be a 4 x 3 real matrix.
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(a) (10 points) If possible, find a 3 x4 matrix B and a 4 x 3 matrix C such that BA = I3
and AC = Iy, where I} is the k x k identity matrix for £ = 3, 4. If not, explain why.

(b) (10 points) Prove that ATA is diagonalizable with nonnegative eigenvalues \? >
A2 > A2 >0, where AT is the transpose of A and Aj—; 23 are chosen to be nonneg-
ative.

(c) (10 points) Let e, ez, €3 be the canonical basis of R3. Prove or disprove that there
is an orthonormal basis {vj};?:l of R* such that Ae; = Aju; for j = 1,2,3. Here
Aj=1,2,3 is as above.

4. (10 points) Let (V; (-,-)v) and (W, (-, -)w) be two inner product spacesand T': V — W
be a linear transformation. We say T is an isometry if (Tvy, Tv)w = (v1,Va)v.

Now let V' = R3 equipped the standard inner product structure and W = P[z], the
space of all polynomials with real coefficients of degree less than 3 equipped with the
standard vector space structure and the inner product structure defined by

/0 p1(z)p2(z) dz for all py(z),pa(z) € Pylz].

a
Let T : R® — P[z] given by T b = a + Bz + yz? be an isometry. Express a, 3
c
and -y in terms of a,b and c explicitly.
5. Let M, (R) be the collection of all n x n real matrices.
(a) (8 points) Let A, B € M,(R). Prove that AB and BA have same eigenvalues.

(b) (10 points) Prove that if A, B € M,(R) such that AB = BA, then A and B have
a common eigenvector.
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(c) (8 points) Let A € M,(R) and let p(t) is a polynomial function. Show that if A

has eigenvalues Ay, As, .. ., A, then tr p(A4) = > w1P(N;), where tr B is the trace of
a matrix B € M, (R).

(d) (4 points) We say A € M, (R) is nilpotent if, for some positive integer k, A*F = 0.
Prove that if A is nilpotent, then A™ = 0.

(e) (10 points) Let A, B € M,(R) be nilpotent. Prove that if B has n distinct eigen-
values in R and AB = BA, then A = 0.




