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Linear Algebra

{204) 1. Let V be the vector space consisting of all polynomials of deyree at most

two, and let T : ¥Y—V be the linear transformatian T(p(x)} = pix-1) for

any polynomial p in V.

fal Find the matrix representation R of T relative ko the ordered basis
{x2, x, 1} . (5%
{b) Find the matrix representation B of T relative to the ordered basis

[x, xt1, x*-1} . (5%)

(¢} Prove that A and B are similar by exhibiting an invertible matrix X
such that Xa = BX. (1{%)

1 -3 3
Tet A =0 -5 &].
0 =2 4

(a} Find all the eigenvalues of A. [5%])
(b} For every elgenvalue, find its algebraic multiplicity. (5%)
(c] For every eigenvalue, find its geometric mnltiplieity. [5%)

(Al Use the reaults in {a}, (b} and (o] to determinc whather & is
dlagonalizable, that iz, whether there is an invertible matrix X

such that x"1ax is a diagonal matrix. If A is, find one such X. [5%)

Let W Le the subspace of R4 spanned by the vectors

o N I I
b

P B I o

|l o o

Ll =1 o o

Use the row-echelon form to help you with the computations in (a), (b]
and (¢} below.

{a) Find a basis for W. (3%}

k] Find a basls for HL, the orthoganal complement of W. (52)

1
(=) Express b = r? as a linhear combipation of the vectors in the

1
bases of W and wh. (5%]

(d} Find the projection of b on the subspace W. (3%}
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(20%) 4. Let A be an n¥n real matrix.

{a) Prove that & ls orthogonal if and only if Bx Ay = X-¥ for all vectors
x and y in R™. {10%) |

(b) Use {a} to prove that A is orthoganal if and only if faxfi = |x)| for

all vectors x io &Y. [L0%)

{10%) 5. Let A and B bhe real square matrices.

(a} Prove that rank AB & rank A by showing that the column space af AR is
contained in the column space of A, (5%)

{h) Is rank AB £ rank B always true? If it is, give a proof; otherwise,

give a counterexample. (3%}

{10%) 6. Find a Jordan canonical form of the matrix

1 4 0 0 3
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