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1. Let A, B be both n x n real matrices.
(i) (2%) What is the definition of the exponential, e, of A?
(ii) (6%) Does e+ = e B always hold? If it does, then give a proof;
otherwise, give a counterexample. If it is the latter case, find a sufficient
condition such that the above statement is true.
(iii) (10%) Compute e for A equal to the matrices
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2. (i) (2%) What is the definition of tr(A), the trace of a square matrix

A?

(ii) (3%) If A and B are both n x n real matrices, prove that tr(AB) =
tr(BA).

(iii) (5%) Find the trace of I + A+ A%+ ...+ A% for
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3. Let A, B be both n x n real matrices and assume that A is invertible.
(i) (5%) Show that AB has the same nullity and rank as B.

(i) (5%) What is the relation between the set of eigenvalues for AB
and that for BA?

4. Let V4, V4,. .., V;, be nonzero subspaces of R™.
(i) (2%) What is the meaning of saying that Vi + Vo + ... + V,, is a
direct sum?
(ii) (6%) Show that V; + V4 is a direct sum if and only if Vi NV, = {0}.
(iii) (5%) EViNVo=VonNVs = V3NV, = {0}, is the sum V] + Vo + V3
direct? Either give a proof or a counterexample.

5. Let V' be the vector space of all polynomials p(z) with degree at most
two, and let T : V — V be the linear transformation T'(p(z)) = Lp(z).
(i) (8%) Prove that py(z) = —z + 1,po(z) =z + 1 and p3(z) = 2% + 1
form a basis of V.

(ii) (7%) Find the matrix of T in the basis {p1, ps,ps} of V in (i).

6. (i) (10%) If A and B are nxn complex matrices such that z* Az = z* Bz
for all vectors = in C™, then prove that A = B.
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(ii) (5%) If A and B are n x n real matrices satisfying z*Az = z*Bz
for all z in R", is it still true that A = B? Either give a proof or a
counterexample.

7. (i) (5%) Prove that the eigenvalues of a Hermitian matrix (A* = A)
are all real.
(i) (5%) What can you say about the eigenvalues of a unitary matrix
(A*A = I)? Prove your assertion.

Az[fl }]

(i) (4%) Find the characteristic polynomial and minimal polynomial of
A.

(ii) (4%) Use the minimal polynomial of A in (i) to express A% as a
linear combination of A and I.

(iii) (2%) Use (ii) to compute A%,

8. Let the matrix




