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Notice. Read the following definitions before you work on any of the problems. Give details
of your work Lo getl credits,

I, NOTATIONS AND DEFINITIONS

In the following problem sct, the symbols B and C are reserved for the Helds of all real and
connplex numbers, respectively.

The symbol K denotes a field, and V and W finite dimensional vector spaces over K. Let
LV, V) be the set of all linear transformations from Voto V. For any linear transfonnation
f:V —= W, ker fis the kernel of f and L f s the image of f. The sel of all pelyuonnals
with cocthicients in B having degree no more than 295 denoted by 103,

The letter s denotes o natural monbsers, sl Mot (80 35 defined o be the sen ol all o by o
matrices over A, We call two matrices A, I35 € Mol (/0] sonalor iF there exists an inverlible
mairix 17 e Mat, (/) such that P~1AP = I3,

We call a linear translormation £ € L{V, V) epclic il there exists some v e Vosach that V
is spanned by v, f{v), f2{v), ..., f*Ye).

IT. PrOBLEMS
(1} The vectors v, = (1,1,1), vo = (1,1, =1} and vy = {1, -1, - 1) form a basis of the
vector space TF, Let {uy,uz, us} be a dual basis of {v), ve, va} amd let v = (0,1,0) &
C*. Fid the inner products t:u,ul}; {1,', 'u;g) annl {1.',11;5}-

(2) Fined the conditions so that the Tollowing matrix {over ©) bs diagonalizable. Also find
the change-of-coordinate matrix wlicl make iU dingonalized.
e 1 0 0O
06 0 0
B =
00 ¢ 1
0o o0 d

Let gy, i1, a2, - - - € | be the seguence of the Fibonacel nombers where gy = 0, 4 = 1
and g = w4 Yoy forall n = 20 Lot 2, =y for 2 1 Then the Fibonacei
sequence can be written as a first order recurrence systenm

Yu+1 = W T Zn,
Zn+1 = T

1 1
10

with initial conditions iy

)

I and z; = 0. By selting v, = (y.. 20" amd A (

one obtain
}'rﬂ-p-l = "4}'1:'
Now, diagonalize A and obiain a foroonla for the (o + 1)-th Fibonacel munber y,,.

(4) Let A, 00 e Mal, (80) with A invertible. Show that the mateix A+ o1 s invertible for
all but Anite munber of 7 € i,
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(5) Compute the minimal polynomial for cach of the following linear functions, and de-
teriine which of them are dingonalizable {Give your reasons!)
(a) T F(R) — P(R), where T(f) = '+ 2f.
(L) T M, (R) — ML(R), where T({A) = AL, the transpose of A,

(6) Let A = (uy;) € M,(F) be defined by a,, =1 -4
&, = 0. Show that det A = (n— 1)(-1)""1,

i, where §;; = i1 = j, otherwise

(T) Let f € L(V, V). Show that il f*is cyclic, so is f. s the converse true? Explain,

(8) Let f,g & L{V, V). Supposce that f is cyclic. Show that fog = go [ 1 and only if
g = plf) for some polynomial px) € K|z,
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