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(1) One of the most often encountered determinants is the Vandermonde determinant, i.e., the

determinant of the Vandermonde matrix
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(a) [14%)] Verify that V(z;,z,,...,2,) = H(a:,- - zj).
i>j
(b) [14%) Compute
1 oy 22 - 207? mpmy---zy
1 7 a2 - 207 xyzy---3y
1 2o 22 -+ 202 pimyeo3py

(2) [12%)] Let A; and A2 be m X n matrices, and let V; and V; be the spaces spanned by the
rows of A; and A, respectively; let W, and W, be the spaces spanned by the columns of
A; and A,, respectively. Prove that the following conditions are equivalent:
(a) rank(A; + A;) = rankA, + rankAo;
(b) inV; =0;
{c) WinW, =0.

(3) [12%] Consider C as a vector space over R. Let A be a linear map of C into itself given by
Az = az + bz, where a,b € C. Prove that this map is not invertible if and only if

la| = [8].

(4) [12%] A matrix A is Hermitian if A= A, where A* =4 is obtained from A by complex
conjugation of its elements and transposition. A Hermitian matrix A is called positive
(resp. nonnegative) definite if z* Az > 0 (resp. z*Az > 0) for any nonzero vector z. Let
A and B be Hermitian matrices. We will write that 4 > B (resp. A > B)if A—-Bisa
positive (resp. nonnegative) definite matrix. The inequality A > 0 means that A is positive
definite.

Let A be a Hermitian matrix. If A > 0, show that A+ A~1 > 2.
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(5) Let V be a vector space over the field of real numbers. A bilinear form on V is a function
f: V x V = R which is linear in either of its variables when the other variable is fixed. A
bilinear form f on V is called skew-symmetric if f(u,;v) = —F (v,u) for all vectors u,v
in V. If f(u,v) = 0 for all v in V implies that u = 0, then the bilinear form f is called
non-degenerate. Now suppose f is a non-degenerate skew-symmetric bilinear form on V.

(a) [12%)] Show that there are linearly independent vectors z,y in V such that f (z,9) = 1.
(b) [12%) Suppose z,y are vectors in V such that f(z,y) = 1. Let W be the two-
dimensional subspace spanned by z and y. Let W+ be the set of all vectors u in
V such that f(u,v) = 0 for every v in the subspace W. Show that V = W @ W+,
(c) [12%] Suppose V is finite dimensional. Show that there exists a basis {Z1, %1, +Zn, Yn}
for V such that
* f(z5,y;) = o iFd
1, i=j.
* f(@i,35) = flyiy;) = 0.
In particular, the dimension of V is even.




