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1. Let M,(R) be the set of all 2 x 2 real matrices and let

L= { (‘C" Z) € My(R)

(a) (5 %) Show that L is a subspace of M,(R).
(b) (56 %) Find the dimension of L.

a+d=0}.

2. Let S: R® — R? be a linear transformation such that the matrix of S with respect to the

standard basis is given by
11 2
011
0 01

(a) (5 %) Show that S is an isomorphism.

(b) (56 %) Find the matrix of S with respect to the basis {(1,1,0),(0,1,-1),(1,1,1)}.

3. (10 %) Let V be a vector space over R. Let a: V — V be a linear transformation such that
o® = a. Show that V = W, ® W; @ W_,, where W, = kera, W; = {v € V|a(v) = v} and
W_, ={v eV|afv)=-v}.

4. Let {v1,v3,v3,v4} be a basis of a vector space V over a field F. Determine if the following
set is'a basis of V. Justify your answer.

(a) (6% ) {v1,v1 + va,v1 + vz + V3,1 + Uy + Vs + Vg }.
(b) (5% ) {’U1 + Vg, U + Vs, Uz + U4, Uy + 'Ul}.

5. (10 %) Let A be an n X n matrix over R. Suppose that tr A* = 0 for all positive integers k.
Is A = 07 Justify your answer.

6 . Let X; and X, be subspaces of a finite dimensional vector space V of dimension n.
(a) (7 %) Suppose that both X; and X, are both of dimension n — 1 and X; # Xo.
What is the dimension of X; N X,? Justify your answer.

(b) (3 %) Let X = {(z1,22,%3,%4) € R*| 2, + 73 + 23 + 24 = 0} and
Y = {(z,y,z,y) € R z,y € R} be subspaces of R*. What is the dimension of X N Y?
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7. (10 %) Let V* = {f : V — F|fis linear } be the dual space of V. For any linear transfor-
mation T : V — V, we define a linear transformation T* : V* — V* by

T(f)=foT for any f e V™.

Suppose that the matrix of T with respect to a basis B = {z;,z,,...,Z,} is given by A =
(aij)1<ij<n- Show that the matrix of T* with respect to the dual basis B* = {z},z3,...,z.} is
the transpose of A.

8. (15 %) Let V be an n-dimensional vector space over a field F and let f : V — V be a linear
transformation. Suppose that the minimal polynomial of f is given by (z — A)™ for some A € F.
Show that there is a basis {vy,...,vs} of V such that

f(’Ul) = A\yy and f(’U,') € span{v,-_l, ’Ui}, 1=2,...,N.

9. (15 %) Show that for any real numbers qa, b, c, d,

a’® (a+1)* (a+2)* (a+3)
b (b+1)? (b+2)% (b+3)? —0
A (c+1)? (c+2)2 (c+3)?2
d® (d+1)? (d+2)? (d+3)?

The End




