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Show all works

1. [15%] State the definition of vector space. Show that the set {a+bv2 a, b are rational numbers}
together with the operations of addition and multiplication is a vector space. What is its di-
mension? How about {a + bv/2  a, b are real numbers}? What is its dimension? How about
{a+bV2" a, bare integers}? What is its dimension? State your reason.

2. [10%)] State the definition of unitary matrix. Let A and B be real matrices. If A +¢Bis a
unitary matrix, show that [ g ‘i ] is an orthogonal matrix.

3. [10%] State the definition of Hermitian matrix. Let A and B be real matrices. If A + 4B is
a Hermitian matrix, show that [ a ’i} is a symmetric matrix.

4. [15%) Let A be a 2 x 2 matrix with entries of real numbers. Assume that A has complex

eigenvalues A = iy, where A and y are real. Find the matrix B such that 4 = B™! ( j‘u K )B,

Under what conditions it is similar to a diagonal matrix? State your reason.
221
5. [20% Let A= |1 3 1
122
(a) Find the characteristic polynomial of A.
(b) Find the minimal polynomial of A.
(c) Let f(z) = z* + 92° + 92% — 7z + 8. Find f(A).

(d) Find an invertible matrix P such that P~'AP is a diagonal matrix.

2 -1 01
6. (105 Find the Jordan form of A= | 0 5 ™1 0 | and the decomposition 4 = MJM-!
0 -1 03
ay a; ag
7.[10% Let A= | b by by | with three cigenvalues Ay, Ao, and dg. Show that the matrix
o ¢ e

A has the trace A; + A2 + 3.

8. [10%] Show that in R® the rotation around the unit vector v = (a, b, c) by angle ¢ is

a® ab ac 0 ¢ -b
Q=cos¢l + (1 —cos¢) | ab b* bc |—sing| ~c 0 «a
ac be ¢ b -a 0




