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1. (10 %) Consider the following linear equation system in R:

X+ay+3z=2
x+2y+2z=3
x+3y+az=qa+3

Please discuss and determine all possible values of @ and find its corresponding solution set conditions.

2. Let &, B, and ybe the ordered basis of Py(R), Ps(R), and M2(R), respectively defined by
a= {1,:;,%(-1 +-3x2)}, £ = {1,;:,%(-1 + 3x2),%(—3x+ 5 )}

-6 96 6 D)

Kt T Pal®) — Pa(R), and U : PyR) ~ Myg(R) be the lincar transformations respectively defined by
T () =15%(x) and Ug(x) = 2[3 4 g (3)J

g2) g
(a) (5%) Compute the matrix representation of T in @ and .
(b) (5%) Compute the matrix representation of U in Sand y.
(c) (5%) Find a basis for the null space of U,
(d) (5%) Compute the nullity and rank of UT.

and

3. Let T be a linear operator on the inner product space R* defined by T(v) = 4, forall v e RY, where

4 5 3 ¢
|0 2 4 g
1005 7 ¢

2 5 7 2

~ (2) (8%) Find the eigenvalues and the corresponding eigenspaces of T, .
(b) (4%) Determine whether or not there exists an orthonormal basis of R* that consists of eigenvectors of T? Explain why,
0

- (¢) (8%) Find an orthonormal basis for the T-cyclic subspace of R* generated by v =

%:%@ﬁﬁﬁ.
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4. (11%) Let the joint probability density function for random variables X and ¥ be

fxr(x,}’) ={

(a) (5%) Find the constant c
(b) (6%) Find the probability P(Y>1/2{ X=1/4).

e, 0<x<y<l,
0, elsewhere.

6. (8%) Let X and Ybe independent exponential random variables with density function Sr(x)=Ae™* and e =Ae™,
- respectively. Let 8 bea Bernoulli random variable, independent of X and Y, with P(8=0) = P(8=1)=1/2. Define

Z7=lTXY), B=],
min(X,¥), g=0,

Find the probability density function of the random variable Z,

7: (10%) The attached table provides the numerical valyes of P(m)=P(N< n}, where N is a standard normal random variable, Let

X1 Xy, X, be independent identically distributed random variables uniformly distributed on [1-+/3,1++/3; 1. The sample

mean is defined as Y=(X, ++ X,,0)/100 . Use

the central limit theorem to estimate P(¥ > 1.05).

049 | 0.50 | 051 o.sT[

B(n) 0.6879 | 0.6915 | 0.6950 | 0.6985




