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1. (15 points, 5 points for each part) Let U = {{m1. 29, 23, 2)7 )1y + 225 + B2y = 0} and
V= {(Il,Ig,Iz,I.;}T[I: + 23+ 215 = (3} be two subspace of K4,

(a) Find a basis of TN V.

(b} Extend the basis you find in (12) for /' NV to a basis for I/ and to a basis for V.
(c) Use the results in {1b) to prove tiiat I + V = R4,

2. (15 points, 5 points for each part) Let & = (1,0,007, & = (0,1,00" and & = {0.0.1)T be
the standard basis of R?, For fixed a,b,¢, f, g,k € R, we define a map L:R*=Rby

f

a1 .

h

{a) Verify that L is a linear mapping and find the matrix representing £ with respect 1o the

ordered basis (27, &, 3)

(b} Suppose that v = aef + b +c& and w = f& + g5 + b are linearly independent.
Find the dimension of the kernel of f.

(¢} Suppose that v = & + b8 + &7 and w = Fel + 9% + heg are linearly dependent.
Find the dimension of the kemel of [..

o = ]
tr ot by

L(x® +y& + 283) = det (

3. (30 points, 5 points for each part} For an n x r matrix over B, we define the null Space
N({A) = {v e R™1 = R"} 4u = 0} and we define the range A{4} = {dvip = B3,

For » = (ay, ap,23)%, w = {b1,b2. )" € RE, define < NWWE=ab @b tabyand Lo f[=
V< 9.v >. For a subspace V of R, we define V* = {y ¢ R| <cwv>=0Vyel)

Let .
i 2 1 . 2
A=11 -1 2 and b= | -20).
1 5 0 20

(2) Find a basis of R(4)L.
(b) Find the unique p € R(A) which is closest to b,

(W 1]

(c) Let 5= {z ¢ B*| 4z = p} be the set of solutions to tle systern A1 = p. Find 5.
(d} Find an orthionormal basis of N{A)Y*.
(e) Find the unique v € § such that v, € N(4). |
(£} Let w be as in (3e). Show that for all v € S such that ¥ # uo, we have J v [|>f vy 1.
4. {15 points, 5 points for each part) For a complex » x n matrix A = (@i} ¢i jen- we define

its trace to be trd = a,, + 8y + ... + @pn. Comsider tlie set § of gj) complex & x n matrices
satisfying A™ — I = 0 for a (fixed} positive integer m.

(a) Prove that [érA| < n for any A € §.
(b} Find the subset {4 € §; jirA| = ).
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(c} Find the subset {A € §;trA =n}
5. {10 points, 5 points for each part} Given an idempotent matrix A, i.e. one which sstisfying
A% = A
{a) Show that B = I — 24 is involutive, i.e. B% = J, Therefore B is nimsingula.n
(b} Find all scalars A for which 7 — \A is nonsingular. |
6. (15 points, 5 points for each part) Let S be a nonempty finite set, for any given ¢ € S, denote

by x, the real valued function on 5 given by x,{t) = 0 for any ¢ # 5 and ¥,(s} = 1. Consider
the vector space V = {f : 5 — R} of all real-valued functions on 5, and let ¢ : § — S he a

map.
(a) Show that & : V — V defined by &{f){t) = f((t)) {t € 5) is linear.
(b) Show that {x.;s€ S}t isabasisfor V. -

(¢} Show that the trace of ® equals to the ‘ﬂEIﬂbEr of fixed points of ¢ (2 point ¢ € 5 is
called 2 fixed point of ¢ if (i) = £).




