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1.(15%) Find the value of ¢ so that the system of linear equations { = —y+ 2 = 6
s+ Oyt z=c

has solutions in R?, and in that case, find all the solutions.

1 2 1 2]
2.(15%) et A=12 3|, B=10 -1
3 4 05

(a) Find a nonsingular matrix P such that PA = B.

(b) Is P in (a) unique? Give reasons.

3.(156%) (a) Let T : R* — R? be the linear transformation that is the reflection with
respect to the plane {(z,y,2) : * + ¥y — 22 = 0}. Find the matrix representation of T
with respect to the basis {e; = (1,0,0), ez = (0,1,0), e3 = (0,0,1)} of R3.

(b} Let S : R — R be the reflection with respect to the zy-plane, and put

A = 5T, Find a line L passing through the origin such that A leaves L pointwise
fixed.

4.(15%) (a) Let A be a m x n real matrix, B a n X p real matrix,l prove that
rank(AB) > rankA + rankB — n.

(b) Use (a} to show that if A), ..., Ax are n x n real matrices satisfying '
Ay - Ap =0, then rank Ay + ... + rank 4, < (k — Dn.

5.(15%) Let A = (ay;) be a real 3 x 3 matrix, and B = (b;;) the transpose matrix
of the corresponding cofactors , that is, by; = (—1)**7 det A;; where A;; is the 2 x 2
matrix obtained from A by deleting its ith row and jth column. Prove that

(a) if rank A = 3, then rankB = 3;

(b} if rankA = 2, then rankB = 1.
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6.(25%) For each of the following statements, sketch a proof if it is true, explain why
or give a counterexample if it is false.

(a) If a system of linear equations with integral coefficients has real solutions, then
there exists rational solutions for the same system.

(b) Let A, B be real symmetric n X n matrices, then there exists a nonsingular
matrix P such that P7*AP and P~'BP are diagonal matrices.

(¢) f 7' : R* — R" is a linear transformation satisfying 7% = —I, then n has to

he even.

(d) If A is a singular n x n real matrix, then there exists a nonzero n X n matrix

B satistying BA=0.

(e) If @ < 0, then
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.is diagonalizable over R.




