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1. (14%) Let A= | 0 1
10

o o N

} . Compute exp(4) = pol Ak—;c.

2. (14%) Consider all 3 x 3 matrices A satisfying

1 1 0
(a) The right (column) eigenvectors of A are {0:\ " {1} and {1} ;

1 0 1
(b) The eigenvalues of A are distinct.

Show that all such matrices A have the same left (row) eigenvectors (up to a constant
multiplication).

3. (14%) Let g(x) = az? + bad + cz3 + dT172 + €T2T3 + fziz3. Show that there exists
y,z € R3 such that '
(a) llyll = llzll = 1, .

(b) g(y) < g(x) < g(z) for all x € R3 with ||x|| =1 and

(c) ylz.
4. Let My(R) be the vector space of all 2 x 2 real matrices and let
P= _13 3] Define T : Ma(R) — M2(R) such that T(A4) = PA.

(a) (7%) Find the minimal polynomial of T'.
(b) (7%) Find the Jordan canonical form of T'.

G | 1] . '
5. (14%) Let A = [1 —1} andy = {2} . Find u € R2 such that [|Au—y]| < [|Ax~y||
0 1 3
for all x € R2. Is the u unique ? Give your reason.

6. Let V be a inner product space and let A; be the orthogonal projections to
the subspace W for j =1,2.
(a) (10%) Show that A; Az = AqA, if and only if Wy = (W, N W) @ (W, N Wy-).
(b) (6%) In case (a) is true, show that A, A, is the orthogonal projection to W1 NWa.

7 A 3 x 3 real matrix T is said to be in SO(R, 3) if det(T) = 1 and ||Tx| = |Ix|
.~ for all x € R3.

(a) (7%) Show that for such T there is a nontrivial u € R? such that Tu = u.
(b) (7%) Find the Jordan canonical form of such T'.
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