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All vector spaces and matrices in this set of problems are over the real field R.
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1. [5%] Let V' be the vector space of real valued functions on the closed interval (0,1} Then
in the following, pick up the linearly independent sets.

1 i
{a) The elements are rational functions - , =,
w41 +2 2+ 3

1 1
b} The elements are vational functions — : .
(b} The elements are ratioral functions Gr1) (Fr D @t T

(¢) The elements are polynomial functions 1 + R R O A I O IR L e L
(d) The elements are polynomials (x + 1), (x + 2)%, (x + 3)° ,(.r + 4)4,
(e)

The elements of trigonometric functions cos x. cos 22, cos® x, cos 3z, cosd @, L.

2. 15%| Let A, B denote two n ¥ n matrices satislying AB = 0. Then in the following, pick
up the correct statements.

(a) BA =0,

{b) all eigenvalues of BA are 0,
(c) (BA)? =0,

(d) A=00or B =0,

(e) rank A+rank B = n.

3. |5%| Let A be an n x n matrix with entries over B such that 42 — — n. Where [, is the
n x n identity matrix. Pick up the correct statements.

(a) A can not be a symmetric matrix.
(b} n must be even.

(c) The rank of A is not zero.

{d) The trace of A is not zero.

(e) If B is another n x n matrix with entries over R such that 32 = —1,,, then A and
B are similar.
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L[8%| TV = Wisa linear map on the vector spaces V and W, then in the following,
pick up the correct statements.
(a) If V is a subspace of V, then T(V;) = {T(a o) |z € Vol is also a subspace of W.
(b) If Wy is a subspace of W, then 71 (W) = {z

(c) If T is one-to-one, then 7' is onto.

T(x) € Wy} is also a subspace of V.
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(d) If UV — W is ancther linear map, and T and U/ agree on a basis for V), then
= [

5%| Both A and B are n x n matrices. Then in the following, pick up the correct
stdtementb

(a) Il A and B are similar, then det(A) =det(5).
{(b) If A has the rank n, then det(A) = 0.

{c) If M = ( ﬁ g ) is the 2n x 2n matrix, then det{M) =det(A)det(3), where 0 is

the zero matrix.

(d) If B is obtained from A by performing an elementary row operation, then there
exists an elernentary matrix £ such that 3 = AF.

3.18%| Let V Dbe a vector space with dimension n. Then in the following, pick up the
correct statements.

(a} Any linearly independent subset for V containing exactly n vectors is a basis for V.
(b) Any finite generating set for V contains at most n vectors.
(¢) Any two bases for V have the same number of vectors.

(d) If {o1, 09,05, ..., Uy, v, s a basis for V, then
{v1, 11 + 2uq, vy +- 20z ¢ 3us, vy + 209 + Bug + duy, .. UL+ 20y 4+ 3ug + - -+ nw, )

15 also a basis for V.
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Let 0 < n denote two cigenvalues of A = 0 2 ) with a the eigenvec-

. 7 : . :
tor corresponding to € and ( b, ) the eigenvector corresponding to n. Let A9 —

( (1] 2{:”0 ) . What is a + b+ ¢?

2. |5% | Determine the minirnal polynomial of the matrix

0 0 01
0 0 1 1
0 -2 00
=2 0 00

5% | Determine the minimal polynomial of the matrix

-1

g 0 0 1
¢ 0 11
0 =2 00
-2 0 00
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4. Determine the characteristic polynomial of the matrix
01 00 0
0 00
: 00 10
S 006001
23 45 6
5. |5% | Let V be the set of polynomials of degree Sorlessin z over Rand DV —» Vs
. d , .
defined by D(p(z)) = i—(p(l)) Find the trace of D.
dx
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1. @@ Find a 3 x 3 matrix A such that
x
277 + 27 4 227 — dry = 2yz — 2zu = ( Ty oz ) AAY | 4y |,
z
where A" is the transpose of A.

2. E@ Let A be an n x m matrix of rank 7 such that every set of r rows and every set of
r columns is linearly independent. Prove that every r x v submatrix of 4 is nonsingular.

3 @’/E‘ Let A be an n x n matrix, and we have

AP 345 — A =31,
where [, is the n x n identity matrix. Then prove that 4 is diagonalizable.
4 9% | LetT : V> Wand U W -+ Z be linear maps on the finite dimensional vector
spaces V. W and Z. Then prove
Rank(I7T)y < Rank(l/),
Rank(U7) < Rank(T},
where U7 is the composite map of U and T, and Rank(f) is the rank of the map f.

O. .!E%W Let T : V' — W be a surjective linear map on the vector spaces Voand W, et
N(T} be the null space of 7', aud suppose V, W have the bases o, 3 respectively . Then
prove

N(T)eb W 2=V,
where the vector space N{T) & W = {(x,y) | c N(T),y ¢ W} has the operations
() + (o) = (o004 2o + 1),
cleyy) = (exey),ce R
Note: Voand W are nét necessarily finite dimensional vector spaces.




