EE 2030 Linear Algebra Spring 2012

Solution to Homework Assignment No. 5
1. (a) Since Az = Az, we have
(A+DNr=Ax+x =X x+z=(\+1)x.

Therefore, x is an eigenvector of A + I and the corresponding eigenvalue is
A+ 1

(b) Since Az = \x, we have

A Az =) \A" 'z

— x=)\Al'z
1
ig Aly = Xa:

Therefore, = is an eigenvector of A™' and the corresponding eigenvalue is
/A

2. (a) Consider

1-x 1 1
det(A —\I) = 1 1-x 1
1 1 1=
= X +3N
M\ —-3)=0.

Thus, we have A = 0,0,3. For A\; =0, the AM of \; equals 2. Besides,

1 11 1 11
A-\I=|(111|=1]1000
111 0 00
and the corresponding eigenvectors are
1] [-1
11,10
| 0 1

The GM of )y is 2, which is equal to the AM of A\;. For Ay = 3,

2 1 1 10 —1
A—DI=|1 -2 1 |=1]01 -1
1 1 -2 00 0

and the corresponding eigenvector is



The GM of )y is 1, which is equal to the AM of A\y. Therefore, A is diago-
nalizable with

-1 -1 1 000
S=|1 0 1] andA= {0 0 O
0 1 1 0 0 3
(b) Consider
2—X -1 1
det(A—\I) = 0 2—-Xx -1
0 0 2-2A
= (2-))?=0.
Thus, we have A = 2,2, 2. It can be seen that the AM of \ equals 3. Besides,
for A = 2,
0 -1 1 010
A-)X=]|0 0 —-1|=1]001
0 0 0 0 00

and the corresponding eigenvector is

1
0
0

The GM of X is 1, which is smaller than the AM of A. As a result, A is not
diagonalizable.

3. Substituting A = SAS™", we can have

MNI—A = \I—-SAS™!
= S\NIS'—SAST!
= S(NI-A)ST
SA;S!

where A; is a diagonal matrix with jth diagonal element equal to 0 for j =
1,2,--- ,n. Therefore, we can obtain

(AT — A) (Mo — A) -+ (AT — A)
SA S 'SA,S ' SA,S !
SAAy---A,S7!

—~ SOS™!

- 0

where O is the zero matrix.



4. (a) Let uy, = [ ]\;\[’;[H ], and we can have
k

M 3 21 M
u’““:[M:i]:[ 1 OH Hl]:Auk
M )]

Ug = MO = 0 .

Then we obtain u; = Auy_; = A%up_o = Afug. To find Ak, we first find
the eigenvalues of A. Consider

with

det(A —AI) = (A+1)(A+2) = 0.

Thus, we have A = —1, —2. Then we need to find the corresponding eigen-

vectors:
-2 =2 1 1 1
A—)\lI:[l 1]:[00}:m1:[_1]
-1 -2 1 2 —2
aoni=[ 2=t e[ 2]
Therefore, we obtain

e A

Finally, we can have

u, = AFuy= SA*Slu,

1 =27 o J[1 =211
Tl -1 1 | 0 (=2 || -1 1 }_ {0}
I IR | I |
_ 1 21D 0 —1] [ My
I e S B R R ) L } - { M, ]

As a result, M, = (—1)% — (=2)*.

!/

(b) Let u = { Z } , and we can obtain

with



Therefore, we have

ut) = eu(0) =SS u(0)

B 1 -2 et 0 1| |4
-1 1 0 e 1| | u® |’
As a result, u(t) = et — e 2.
Since 7 Az is a scalar and A is real skew-symmetric, we have

Az = (2" Ax)" =2"ATx = 2" Ax.

Therefore, &7 Ax = 0 for every real vector x

Suppose Ax = Ax. Then we can take complex conjugation on both sides and
obtain
Az = x — Az = )\7.

Since A is real, we have A = A. Then we can have

AT = \T
= T A" =)z"
— T'A=-)\z!

where the last equality follows since A is skew-symmetric. Consider Z! Ax,
and we can have

7' (Azx) =" (\x) = &'z = \|z|?
along with
T'A)z= (- )z=-\(T'z)=—\|z|*
Hence, we can have B
A= -\

Therefore, a real skew-symmetric matrix has pure imaginary eigenvalues.

Since A is a real matrix, its eigenvalues come in conjugate pairs. From (b),
all eigenvalues of A are pure imaginary. Since the determinant of A is the
product of all eigenvalues and ic(—ic) = ¢* > 0 for ¢ > 0, the determinant of
A is positive or zero.

We find the eigenvalues of the matrix A first. Consider

—6 10—\
= (10 — \)* — 36
= (4—N)(16—X) =0.

det(A — M) = ‘10_A —0 ‘

We can obtain A = 4,16. For A\; = 4, we have

6 —6
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(a)
(b)

and the corresponding unit eigenvector is

1 {1'

T = — .

Covalt
For Ay = 16, we have

—6 —6 | 11

A_AQI_{—G —6_:>[0 0}

and the corresponding unit eigenvector is

- 5[4

Therefore, we can obtain an orthogonal matrix

Q:[whﬂ?ﬂ:%[i _111

and a diagonal matrix

such that A = QAQ™.

Perform elimination, and we can have

A = LDL"
B 1 0 10 O 1 —=3/5
o -3/5 1 0 32/5 0 1 '
We then have A = CC” where

C = LVD
1 0][VI0O 0
- s 1] 100 o

[ V10 0
= /18 /32 | .

L 5 bt
Let ©; = (1,1,1)7, and we have 2T Az, = 33 > 0. Let &, = (1, 0.1, -0.2)7,
and we have &2 Azy = —0.03 < 0. Therefore, A is indefinite.

Performing elimination on B without row exchanges, we can have

12 0 0
02 —2 0
Rp = 00 3 =2
00 0 5/3

Since B is a real symmetric matrix and all pivots (without row exchanges)
are positive, B is positive definite.
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(¢) C = —B is also a symmetric matrix. Since B is positive definite, we have
x'Cx=—-2"Bx <0
for every nonzero vector . Therefore, C' is negative definite.

(d) We know that D = A~ is also a symmetric matrix. For every nonzero vector
x, we have

x'Dx=x"A'x =2x"AT'AA 'z = (A7) A(A x) = 2T A/
for some nonzero vector ’. Since A is indefinite, D is also indefinite.
8. (i) Consider
det(A — M) = —(A—2)*(A—1) =0.
Thus, we have A = 2,2, 1. For A\; = 2, the AM of \; equals 2. Besides,

-5 3 =2 000
A-\I=|-7 4 3 |=]011
1 -1 0 1 01
and the GM of A\; equals 1. For Ay = 1, the AM of Ay equals 1. Besides,
—4 3 =2 00 O
A-XI=|-7T 5 3| =01 -2
1 -1 1 1 0 -1

and the GM of A\ equals 1. Therefore, the Jordan form of A is

Ja=

S O N
O N =
_ o O

(ii) Consider
det(B—A\I) = (A —2)*)(A—1)=0.
Thus, we have A = 2,2, 1. For A\; = 2, the AM of \; equals 2. Besides,

—2 -1 -1 10 1/3
B-M\I=|-3 -3 —2|=]01 1/3
7 5 4 00 0

and the GM of \; equals 1. For Ay =1, the AM of Ay equals 1. Besides,

-1 -1 -1 1 00
7T 5 5

and the GM of \; equals 1. Therefore, the Jordan form of B is

Jp =

O O N
SN =
—_— O O

Since J 4 = Jp from (i) and (ii), A is similar to B .



