EE 2030 Linear Algebra Spring 2013

Solution to Homework Assignment No. 3

1. (a) Since v70 =0, Vv € R?, we have S+ = R?.
(b) Let Ay =[1 1 1].We can have S=C(A]) and

—1 —1
SJ_:C(A{)J'IN(Al)I L. = T2 1 + T3 0 ,33'2,33'3ER
0 1
(c) Let Ay = [ i 1 _11 } . We can have S = C(AJ) and
-1
Sl:C(Ag)l:N(AQ): L. = 2To 1 ,ZL‘QER
0
-1
Hence, 1 is a basis for S*.
0

2. (a) We can have C(A")* = N(A). Since the RRE form of A is

101
RA_[O 1 o}

we can obtain that {(—1, 0, 1)T} is a basis for the orthogonal complement of
the row space of A.

(b) In class we knew that the projection matrix onto the column space of A is
given by

P=—A(ATA) AT (1)

where A is assumed to have full column rank so that (ATA)_1 exists. Un-
fortunately, the matrix
1 1 1
A= { 10 1 }

does not have full column rank, and hence we cannot apply the formula (1)
directly. Yet from Ry, we can find that a basis for C(A) can be given by

1 1 ~ 1 1
{[1},[0}}.Let14:[1 O}Thenwecanhave

Po=A(ATA) A= [é (1)] T



(c) The projection matrix Pgr onto the row space of A can be obtained by re-
placing A in (1) with A”. Hence we can have

) 1/2 0 1/2
Pp=A"(AA") "A=| 0 1 0
1/2 0 1/2

(d) From (c), we can have
and
(e) We can have

1 1 1|2 N 1 013
1 0 1|3 01 0|—-11"

A particular solution x, to Ax = b can be given by

3
T,= | —1
0
Hence
3/2
z,=Ppx,=| —1
3/2
(a) We can have
cC+ D + F =3
C + 3FE =6
C+op+ B -5 - Av=b
C =0
where
1 1 1 3
C
1 0 3 6
A‘121"”_g’b_5
1 0 0 0

The best least squares fit can be derived by solving AT Az = ATb. Hence
one can obtain

C —3/25
&=|D| =] 73/50
E 101/50



(b) We can have

¢ =wun
ij — Az =0b>
C¥ym
where
1 1
A= | -0 b- "
I o

The best least squares fit can be found by solving A” Az = ATb. Hence, we
can obtain
Yit+tY2t T Un

- )

mC =y +yp+ - ty, = C=

(a) Let y = Az and z 2 ATy, Since

9 9 9 & m oy,
— A 2_ - 2_ Y 2 _ 9 ) 1
5o, 142l = 5l axk;yl 2 Vg

and

y; 0 «—
L= 3" Ay = Ay = AL
Oz Oy =1 o ! "

we have
9 |Azx|* = QiAz-y = 22.
Oz i—1

Collecting the partial derivatives yields

%HA*’BHZ 2z
: = : =2z =2A"Ty =2A4T Azx.
%HA:]:H2 22,

(b) Let w 2 A”b. Then we have

O (b az) = 2 (95 b ) — 25" AT, —
B (26" Ax) = o (22%) - Q;Akibl = 2wy,

i=1
Collecting the partial derivatives yields
= (20" Ax) 2w,
: = : = 2w = 2A"b.
d T
5 (2b" Ax) 2wy,



(c) Finally, we can have

0 0 0
Az — b|]? = —||Az|? — —
sollAz = bt = 5| el -

Collecting the partial derivatives yields

aimHAzc—b]P 221 — 2wy
7|l Az — b|? 22, — 2w,

(2b" Az) = 22, — 2wy,

- : = 2(z — w) = 2(A" Az — A"b).

Hence, the partial derivatives of || Az — bl|? are zero when A” Ax = A”b.

(a) We have

Q"Q = (I -2uu”)’ (I - 2uu”) = (I —2uuT) (I - 2uu”)

=TI — 4uu” + 4uuuu’.

Since w is a unit vector, we have u”u = 1. And hence

Q'Q =TI — 4uu” + duuTuu” =T — 4uu” + duu’ =1.

As a result, @ is an orthogonal matrix.

(b) We can have
Qu =
(c) We have

Qv = (I — 2uuT) v=v—2uulv.

Since v and wu are orthogonal, u”v = 0. Hence

T

Qu=v—2uu v ="o.
(a) Let A =[a; ay as ], where
[0 0 1
a; = 0 s ay) = 1 s asz — 1
1 1 1
Applying the Gram-Schmidt process, we can have
0] 0
A
1 | ||A1|| 1
0
A
A2=a2_(qripa2)(h: 1 = q A_z_
; 4]
1
Az = a3 — (Q1Ta3) q: — (QQTa:s) q,= |0 = g3 =
0

(I—2uuT)u:u—2uuTu:u—2u:—u.

O =

Hence, {q,, q,, g5} forms an orthonormal basis for the column space of A.

4



(b) From (a), we can have

A = [al as Clg]
Q1Ta1 qripaa Q1Ta3
= la @ a]| 0 dgias qas
0 0 giay
0 0 1 1 11
= 010 01 1| =QR
0 0 0 0 1
where
0 0 1 1 11
1 00 0 0 1

(a) Let fi(z) =1, fo(x) = z, f3(x) = 2*. Applying the Gram-Schmidt process,
we can have
Fl(ZL‘) \/5

Fy(2) = f5(2) = (aa(2), L@)) a(v) =2 = (1) = B~ 2"
Fy(x) = f3(2) — (g (@), f3(2)) qu(2) — (ga(), f3(2)) qo(z) = 2* — %

Fy(z)  3V10 (xQ 1).

3

=  ¢(2)

T IB@) 4

Hence, {¢:1(x), ¢2(x), g3(x) } forms an orthonormal basis for the subspace spanned
by 1, z, and 2.

(b) The best least squares approximation to x3 by C'+ Dz + Ez? is the projection
of 23 onto the subspace spanned by 1, z, and z%. In (a), we have already
derived an orthonormal basis for this subspace. Since

<Q1,953> =0
(%) = L0
<q37 .%'3> =0

the best least squares approximation to 2® by C' + Dz + Ez? is

3

<CJ1>$3>CJ1 + <Q2,$3>Q2 + (g3, x3>q3 = 590



