EE 2030 Linear Algebra Spring 2013

1.

Solution to Final Examination
1 1 1

0 . Consider
0

(a) False. Let A = 11

0 2
det(A — M) = (1—-A)?*(2-)) =0.

We can then obtain that the eigenvalues of A are 1, 1, and 2. For A = 1, its

AM is 2. Since

A-1-1=

O OO
o O =

1
1
1

the GM of eigenvalue 1 is 1, which is smaller than its AM. Therefore, A is
not diagonalizable.

(b) Let
. -4 -2 2
B:§M+Aﬁ: -2 —10 -2
2 -2 -5

which is a symmetric matrix. Then we can obtain 7 Az = &’ Bx. Hence
T Az = 27 Bx < 0 for every nonzero vector x if and only if B is negative
definite, or equivalently,

4 2 =2
—B = 2 10 2
-2 2 5

is positive definite. Since the upper left determinants of —B are 4, 36, 108,
which are all positive, —B is positive definite. As a result, 7 Az < 0 for
every nonzero vector @ .

(c¢) True. Since

4 0 0 00 1 200700 17"
0 -2 0(=1[1200 0 1 0 1 0 0
0 0 1 01 0 0 0 4 010
4 0 0 -2 0 0
0 —2 0 | is similar to 0 1 0.
0O 0 1 0 0 4
(d) False. Let p(x) = 1. Since

T(cp(x)) =T(c) =a* + ¢
T (p(x)) =cT(1) =c(z® +1) = ca® + ¢

we have T'(cp(z)) # ¢T'(p(z)) as long as ¢ # 1. Therefore, T is not linear.
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(e) True. For every b € R™, we can have
b=p+e
where p € C(A) and e € N(A"). We can then have, for all b € R™,

ATAATD = ATAAT(p+e)
= ATAATp+ ATAATe
= A" (p) + ATA0
= A*(p+e)
= A"b

since AA™ is the projection matrix onto C(A) and Ate = 0. Therefore,
ATAAT = AT,

2. (a) Consider

-2 -1

det(A — \I) :‘ L

‘:)\2+1:0.

Hence, the eigenvalues of A are i and —i.

(b) Let A be an eigenvalue of A and @ be the corresponding unit eigenvector.
Since A is real, we can have

Ax = \x
— Az =)\T
— AZ = \T.
Consider 7 Axz. We can then have:

(i) zTAx =z2"(\z) = 2"z = \||z|? =
(A

(i) #7Az=(ATz)"x = (—Az)"x (—)\m)T:B = -\zTx = —)\||z|?
= -\
Hence, we can obtain A = —\, which means that \ is pure imaginary.
(¢) We can have
' Ax = (" Ax)' = 2" ATz = 2" (-A)x = —z" Az

Hence, T Az = 0 for every real vector x

0.4 0.2
0.6 0.8

are their corresponding eigenvectors, respectively, we can have

3.LetA:{ 3

]. Since the eigenvalues of A are 1, 0.2, and { ! ], { ! }

A=SAS™!



where

11 10
52{3 —1} and AZ[O 0.2}'

Hence, we can have

A’“:SA’“S—lzll 1H1k 0 H1/4 1/4]

3 —1]] 0 02F][3/4 —1/4
— -3 ][5 0] [ ][5 ]
Therefore,
pmat o) = [
pmat V] =[]
. Let

sjaran =5 ([55][2 7]) =[5 7]

which is a symmetric matrix, and 7 Ax = x Bz. The eigenvalues of B can be
found as:

o 2=X =1 | |9 B
det(B—)\I)_’ 1 2_/\’_)\—4)\+3—O
— A=1or3.
From class, we can have
T T
)\mmSR(iB)Zw Ax =z Bzx <A

T T

where Ay, and A\ a are the minimum and maximum eigenvalues of B, respectively.
Since Apmin = 1, we have

mingsoR(x) = 1.

Besides, x achieves mingoR () if « belongs to the eigenspace corresponding to
Amin. Since

1 -1
B—)\minl_[_l 1]

1
we can choose & = [ ] or any nonzero scalar multiple of [ 1 ] .
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5. (a) We have v = {ej, ey}, where

o-[3) o[t

Let f ={V1,Vs, V3, Vy4}, where

10 0 1 00 00
vi-loo] oo ve-[10] e [0d]

Since
1 0] [1] 1]
T<V1>__O O_ 3——_0_—1‘81—|—0'62
0 1] [1] [3]
T<V2)__O O_ 3——_0——3'€1+0'62
0 0][1] TJO]
TVa =11 03|71~ 0eatle
0 0][1] TJO]
T<V4)__O 1 3—— 3——O'€1+3'62
we can have
1 3 00
vy _
[T]B_{o 0 1 3]
-3 0
(b) From (a), we can find that é , _03 forms a basis for N/ <[T]g>
0 1

Therefore, the kernel of 7" is given by the span of —3V1+V,and —3V3+V 4.

(¢) Let w = {w;,ws} , where

wr[1] w-[1]

Since
T(Vl):-(l) 8 ;:(1) — 2w+ (—1) - w,
T(vg)__g : ;zg — 6wy + (—3) - w,
T(vg):_?g é:? — (—1) - wi 41wy
T(V4):-8(1) ;:g =(—3) -w;+3 w,
we can have _ o _
715 = _—21 —63 _11 _33




(a) Perform the singular value decomposition, and we can have

—V6/6 —v2/2 V/3/3] [V3 0
A=UxV" = | 6/3 0 V3/3 |0 1 [gg _\/?/22}
—6/6  v2/2 V3/3] L0 0

(b) Since there are 2 nonzero singular values of A, the rank of A is 2. The
dimension of the column space of A is 2, and an orthonormal basis for the
column space of A can be obtained as the first two columns of U, i.e.,

—V6/6]  [—v2/2
V6/3 |, 0
—/6/6 V2/2

(c) Since A has full column rank, there is a left inverse for A. We can have
ATA =1
and hence the pseudoinverse
At = vetu”
- |-2/3 1/3 1/3
- |-1/3 —=1/3 2/3
is a left inverse for A.
(d) The shortest least squares solution is

oo-[17)

(e) We can have

z, = A*b = [_11/;’3} |



