
EECS 2060 Discrete Mathematics Spring 2021

Solution to Homework Assignment No. 3

1. The corresponding characteristic equation is

r2 + 4r + 8 = 0

⇒ r = −2 + 2j,−2− 2j

⇒ r = 2
√

2ej(3π/4), 2
√

2e−j(3π/4).

Hence the general solution is

an = β12
3n/2 cos(3nπ/4) + β22

3n/2 sin(3nπ/4).

For initial conditions,

0 = a0 = β1

2 = a1 = 2
√

2

(
− 1√

2
β1 +

1√
2
β2

)
⇒ β1 = 0, β2 = 1.

Therefore, an = 23n/2 sin(3nπ/4), for n ≥ 0.

2. The characteristic equation of the associated homogeneous recurrence relation is

r2 − 6r + 9 = 0

⇒ (r − 3)2 = 0

⇒ r = 3, 3.

Hence the general solution to the associated homogeneous recurrence relation is

an = α13
n + α2n3n.

Let the trial sequence for a particular solution to the nonhomogeneous recurrence
relation be pn = B02

n +B1n
23n. Then[

B02
n+2 +B1(n+ 2)23n+2

]
− 6

[
B02

n+1 +B1(n+ 1)23n+1
]

+ 9(B02
n +B1n

23n)

= 3 · 2n + 7 · 3n

⇒ (4− 12 + 9)B02
n + (9(n+ 2)2 − 18(n+ 1)2 + 9n2)B13

n = 3 · 2n + 7 · 3n

⇒ B02
n + 18B13

n = 3 · 2n + 7 · 3n

⇒ B0 = 3, B1 =
7

18
.

Therefore, pn = 3 · 2n + (7/18)n23n is a particular solution to the nonhomogeneous
recurrence relation. Hence the general solution to the nonhomogeneous recurrence
relation is

an = α13
n + α2n3n + 3 · 2n +

7

18
n23n.
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For initial conditions,

1 = a0 = α1 + 3

4 = a1 = 3α1 + 3α2 + 6 +
7

6

⇒ α1 = −2, α2 =
17

18
.

Therefore, an = −2 · 3n + (17/18)n3n + 3 · 2n + (7/18)n23n, for n ≥ 0.

3. Observing a1 = 13, a2 = 13 + 23, a3 = 13 + 23 + 33, . . . , we have the recurrence relation

an+1 − an = (n+ 1)3, for n ≥ 1 with a1 = 1.

The associated homogeneous recurrence relation (HRR) is an+1 − an = 0, which gives
the characteristic equation

r − 1 = 0⇒ r = 1.

So the general solution to the associated HRR is an = α1. Let the trial sequence to
the nonhomogeneous recurrence relation (NRR) be B4n

4 +B3n
3 +B2n

2 +B1n. Then

B4(n+ 1)4 +B3(n+ 1)3 +B2(n+ 1)2 +B1(n+ 1)− (B4n
4 +B3n

3 +B2n
2 +B1n)

= (n+ 1)3

⇒ B4(4n
3 + 6n2 + 4n+ 1) +B3(3n

2 + 3n+ 1) +B2(2n+ 1) +B1 = (n+ 1)3

⇒ B4 = 1/4, B3 = 1/2, B2 = 1/4, B1 = 0.

The general solution to the NRR is an = (1/4)n4 + (1/2)n3 + (1/4)n2 + α1. For the
initial condition, we have

a1 =
1

4
+

1

2
+

1

4
+ α1 = 1

⇒ α1 = 0.

Therefore,

an = (1/4)n4 + (1/2)n3 + (1/4)n2 =

(
n(n+ 1)

2

)2

, for n ≥ 1.

4. The recurrence relation for this problem is

an+1 − (1 + r/12)an = −D

with a0 = C and a12N = 0. The associated HRR is an+1− (1+r/12)an = 0 which gives
the characteristic equation λ − (1 + r/12) = 0 with root 1 + r/12. Hence the general
solution to the associated HRR is an = α · (1 + r/12)n. Try a particular solution to
the NRR as A. Then A − (1 + r/12) · A = −D, which gives A = 12D/r. Thus the
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general solution to the NRR is an = α(1 + r/12)n + 12D/r. For conditions a0 = C and
a12N = 0, we have

a0 = α +
12D

r
= C

a12N = α
(

1 +
r

12

)12N
+

12D

r
= 0

which gives (
C − 12

r
D

)(
1 +

r

12

)12N
+

12

r
D = 0.

Therefore, we obtain

D = C · (r/12)(1 + r/12)12N

(1 + r/12)12N − 1
.

5. Let the generating function for an be A(x). Taking generating functions on both sides
of the recurrence relation, we have∑

n≥2

anx
n −

∑
n≥2

an−1x
n − 2 ·

∑
n≥2

an−2x
n =

∑
n≥2

2nxn

which yields

(A(x)− a1x− a0)− x(A(x)− a0)− 2x2A(x) =
1

1− 2x
− 1− 2x.

We thus obtain

A(x)− 12x− 4− xA(x) + 4x− 2x2A(x) =
4x2

1− 2x

⇒ (1− x− 2x2)A(x) =
4x2

1− 2x
+ 8x+ 4

⇒ A(x) =
4− 12x2

(1 + x)(1− 2x)2
=

2/3

(1− 2x)2
+

38/9

1− 2x
+
−8/9

1 + x
.

Therefore,

an =
44

9
2n − 8

9
(−1)n +

2

3
n2n, for n ≥ 0.

6. Let the generating function for Fn and Ln be F (x) and L(x), respectively. Taking
generating functions on both sides of the relation, we have∑

n≥1

Lnx
n =

∑
n≥1

Fn+1x
n +

∑
n≥1

Fn−1x
n

which yields

L(x)− L0 =
F (x)− F1x− F0

x
+ xF (x).
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Recalling that

F (x) =
x

1− x− x2
we thus have

L(x) =
(1 + x2)F (x)

x
+ 1

=
2− x

1− x− x2
.

7. (a) Let the generating functions for an and bn be A(x) and B(x), respectively. We
have

A(x)− a0 = −2xA(x)− 4xB(x)

B(x)− b0 = 4xA(x) + 6xB(x)

which yields

(1 + 2x)A(x) + 4xB(x) = 1

−4xA(x) + (1− 6x)B(x) = 0.

We obtain

A(x) =
1− 6x

1− 4x+ 4x2
.

Then

A(x) =
3

1− 2x
+

−2

(1− 2x)2
.

Hence, for n ≥ 0,

an = 3 · 2n − 2(n+ 1)2n = 2n − n2n+1.

(b) From (a), we obtain

B(x) =
4x

1− 4x+ 4x2
.

Then

B(x) =
−2

1− 2x
+

2

(1− 2x)2
.

Hence, for n ≥ 0,

bn = −2 · 2n + 2(n+ 1)2n = n2n+1.

8. (a) From Problem 7(a), we have

(1− 4x+ 4x2)A(x) = 1− 6x

yielding
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a0 = 1
a1 − 4a0 = −6

an − 4an−1 + 4an−2 = 0, for n ≥ 2.

Therefore, the recurrence relation that an satisfies is

an − 4an−1 + 4an−2 = 0, for n ≥ 2

with a0 = 1 and a1 = −2.

(b) From Problem 7(b), we have

(1− 4x+ 4x2)B(x) = 4x

yielding

b0 = 0
b1 − 4b0 = 4

bn − 4bn−1 + 4bn−2 = 0, for n ≥ 2.

Therefore, the recurrence relation that bn satisfies is

bn − 4bn−1 + 4bn−2 = 0, for n ≥ 2

with b0 = 0 and b1 = 4.
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